On Some Hamiltonian Structures of Painlevé Systems, II

By Tohru MATANO, Atusi MATUMIYA, and Kyoichi TAKANO

§ 0. Introduction.

This is the second part of the series of our papers. In the preceding
paper([11]), we studied a Hamiltonian structure of the sixth Painlevé sys-
tem (Hy ) equivalent to the sixth Painlevé equation Py . In this paper, we
continue the study for Painlevé systems (H;) or Painlevé equations P; for
J=V IV III II.

Painlevé equations Py, J =V, IV III,II are the equations given by

d*x 1 1 dz\*> 1ldz (z—1)2 g
P,: — = — _ - ) ~
Ve <2x+x—1><dt> TR (O‘Q;Jra:)

+1
IO LG
t xr—1
2x 1 (dz\*® 3 3
Pry: ——=— = S 4 dta? + 242 — £
TV 72 Zx(dt) +2:C + 4dtx” + ( Oz)$—|-aj

2z 1 [(dz\® 1ldr 1 )
Prr: — == —) ===+ Z(az? 34 =
TS x(dt) tdt-l—t(ax +3) + vz +
d2
Pr ng =223 4t + Q,

where x and t are complex variables, «, (3,7, and § are complex constants([4]).
It is known that each P; is equivalent to a Hamiltonian system (Hy) : dx/dt =
0H /0y, dy/dt = —0H j/dx, where

(2, ,1) =late = 120 = {ro(e — 1+ mea(e = 1) = nta}y + w(z = 1)

1
(k 321{(50 + k)% — K2},
Hyy(z,y,t) =22y* — {2? + 2tz + 2k0 1y + Koo,

1
Hip(z,y,t) :¥[2:1:2y2 — {Qnootxz + (260 + 1)z — 200t }y + Moo (Ko + Koo )tx],

1 t 1
HII(xa y7t) :_y2 - (.132 + _)y - (Q{ + —)."13.
2 2 2
Here the relations between the constants in the equations P; and those in the

Hamiltonians are given by
O =ko?/2, B=—ko?/2, v=-n(1+kK), &=-n?/2
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for J =V,
a = —Kg + 2500 + 17 5 = _2/{02

for J =1V, and

Q= koo, B=4dno(ko+1), 7=4n2 0§=—4n’

for J = I11([4],[8]). The equivalence of Py and (H ;) means that if we elim-
inate the variable y in (H ;) then we obtain P;. We notice that each Hamil-
tonian H; is a polynomial of x and y of which the coefficients are rational

functions of ¢t holomorphic in B; where
By = Brrr = C — {0}, Bry = B =C.

The most important property of (H ;) (or Py) is the so called the Painlevé
Property which is stated as: if (x(t),y(t)) is a solution of (Hj) determined by
an arbitrary initial condition x(ty) = x¢ € C, y(to) = yo € C with ty € By
then both x(t) and y(t) can be meromorphically continued along any curve in
By with a starting point ty.

Let Q; = (C? x By, ms,By) be a trivial fiber space over B;. Then
the system (Hj) determines a complex 1-dimensional nonsingular foliation
such that every leaf passing through a point in C? x t(t € By) is transversal
to the fiber C? x t. But this foliation is not uniform, namely, for a point
(70,Y0,t0) € C? x By and a curve [ in B; with a starting point tq, [ may
not be lifted to a leaf in C? x B through the point (zg,%o,%o) because the
solution (z(t),y(t)) of (H ;) with (z(t0),y(to)) = (x0, yo) may have poles on I.

In the paper [7], K. Okamoto constructed a fiber space Py = (Ej, 7, By)
such that

(i) Py contains Q; as a fiber subspace,
(ii) the system (H ;) of differential equations in C? x Bj is holomorphically

extended to a system in E; and it determines a uniform foliation on P;.

(iii) every leaf in E; intersects with the total space of Q.

The above (iii) states the minimality of P;. K. Okamoto named each fiber
E;(t) = ;7 Y(t) a space of initial conditions of (Hy), since there exists a
bijection from it to the set of all solutions of (H ;). We can imagine the space
E; by virtue of the following fact: for any simply connected domain U in

By, m; YU) is, as a set, a disjoint union of all the extended trajectories
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determined by (H ;). Each fiber E;(t) is constructed as follows. We first take
a compactification X, x ¢ (the so called Hirzeburch surface) of C? x ¢ where
€ is a certain constant depending on the constants in H;. Next we make
finite number of quadric transformations to ¥, x t and get m Lastly we
obtain F;(t) by removing some divisors which consist of vertical leaves and
inaccessible singular points. Here, a vertical leaf is a leaf contained in a fiber,
and an inaccessible singular point is a singular point of the foliation through
which no solution of (H ;) passes.

The purpose of this paper is to introduce certain local coordinate systems
of each space E; (J =V, IV, III,II) so that (a) every fiber E;(t) has a sym-
plectic structure and (b) in each chart of E;, the original Hamiltonian system
(Hj) is written as a Hamiltonian system with a Hamiltonian function which
is a polynomial of the canonical coordinates. The uniqueness of holomorphic
Hamiltonian systems on each E;(J = V, IV, II1, 1) will be shown in the next
paper.

In Section 1, we state our results, Theorems 1,2,3,4, and 5. In the fol-
lowing sections, Sections 2,3,4, and 5, we prove these theorems. In the case of
J = VI, we could easily obtain canonical coordinate systems by using stan-
dard coordinate systems of quadric transformations ([11]). However, in the
other cases studied in this paper, we have to make a certain device, namely,
we have to insert a change of variables as (2.9), (3.6), (4.3) or (5.5) in order

to make transition functions in a description of E; symplectic.

§1. Main Results.

In order to state our results, we explain a definition and a property of
symplectic mapping. Let ¢ : z = z(X,Y,t),y = y(X,Y,t),t = t be a bi-
holomorphic mapping from a domain D in C?* 3 (X,Y,t) into C? > (z,y,1).
We say that ¢ is symplectic if, for every t = tg, ¢, = P|i=t, is a symplectic
mapping from Dy, = D|;—, to ¢(Dy,), namely, if

(1.1) dy Ndx =dY NdX,

for every fixed t. Let ¢ be a symplectic mapping as above. Then any Hamil-
tonian system dx/dt = 0H /0y, dy/dt = —0H/0x defined in D is transformed
to dX/dt = 8K /Y, dY/dt = —0K/dX in ¢(D) where

(1.2) dy Ndr —dH ANdt =dY NdX —dK Adt.
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We note that the function K = K(X,Y,t) is uniquely determined modulo
functions independent of X and Y.

Then the first assertion is stated as

THEOREM 1. The space Ey for the fifth Painlevé system (Hy ) is ob-
tained by glueing five copies of C? x By :
V(00) x By = C? x By 3 (z,y,t) = (2(00),4(00), 1),

x By = C? x By 3 (2(0c0

(@,
V(0o0) (2(000), y(000), 1),
V(loo) x By = C? x By 3 (2(100), y(100),1),
V(000+) x By = C? x By 3 (2(000+), y(c004), 1),
V(000—) x By = C% x By 3 (x(000—), y(c00—), 1),

via the following symplectic transformations

(1.2) £(00) = y(0c0) (ko — 2(000)y(0c0)), y(00) = 1/y(0c0),

’I7t /ﬁlt‘*—l

(13)  2(00) = 14a(loc), (00) = =773+ 77

+ y(1oc0),

(1.4)  x(00) = 1/2(c00+), y(00) = z(c00+)(e(+) — z(000+)y(c00+)),

(1.5) #(000+) = y(000—)(Koo — 2(000—)y(000-)),  y(o00+) = 1/y(o00-),

where
(1.6) By = C {0},
(1.7) e(+) = (ko + Kt + Koo ) /2,

and V(00) x By is the original space in which the Hamiltonian function
Hy (x,y,t) is defined.

THEOREM 2. The space Ery for the fourth Painlevé system (Hpy) is
obtained by glueing four copies of C? x By :

z,y,t) = (x(00),(00), ),
2(000), y(0o0), 1),
2(000), y(200), 1),

(

x(0000), y(00o0), t),

V(00) x Bry = C* x Bry
V(0o00) x Bjy = C2 x By 3
V(000) X Bry = C2 x Byy >

V(cooo) x Bry = C?2 x Byy >

—~ o~ o~ o~
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via the following symplectic transformations

(1.8) 2(00) = y(000) (ko — 2(000)y(0c0)),  y(00) = 1/y(0cc),

(1.9) z(00) = 1/2(c00), y(00) = x(000) (koo — 2(000)y(c00)),

x(000) = x(0c000),

(1.10) 1/2 ' Uioo — Ko + 1

y(oc0) =  2(0000)3  2(0000)2 + x(0000) +y(0000),
where
(1.11) Brv = C,

and V(00) x Byy is the original space in which the Hamiltonian function
Hyry(z,y,t) is defined.

THEOREM 3. The space Err; for the third Painlevé system (Hyrr) is
obtained by glueing four copies of C? x Byyy:

V(00) x Brrr = C? x Brir 3 (z,y,t) = (2(00),y(00),t),
(OOO) X B[][ = C2 X B][[ > a:(Ooo),y(Ooo),t),
x(000), y(o00),1),

(

v
V' (o00)
V(0oneot) X Brrr = C? x By1 > (x 0ONot), Y(00Naot), t),

(
(
(000) x Brrr = C* x Brrr 3 (
(
via the following symplectic transformations

ot ko + 1

(1.12) z(00) = z(0c0), y(00) = ~ 200002 T 2(000) + y(000),
(1.13) z(00) = 1/x(c00), y(00) = z(000)(e — z(000)y(c00)),
Mool Koo

(1.14) x(000) = z(conet), y(o00) = — ] +y(0onNsot),

37(007700?5)2 x(oonoot
where
(1.15) Birr = C — {0},
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(1.16) € = (Ko + Koo)/2,

and V(00) x By is the original space in which the Hamiltonian function
Hipr(x,y,t) is defined.

THEOREM 4. The space Er; for the second Painlevé system (Hyy) is
obtained by glueing three copies of C? x By :

V(00) x By = C? x Bry 3 (x,y,t) = (2(00),y(00), ),
V(OOO) X Brr = 02 X Brr 2 (.’L’(OOO),y(OOO),t),

V(ocoo0) X By = C? x By > (2(000), y(oc0o0), 1),

via the following symplectic transformations

(1.17) x(00) = 1/2(c00), y(00) = x(000)(e — 2(c00)y(c00)),

x(000) = x(0c000),
(1.18) 2 ! 20

y(oc0) = ~ z(c000)t  2(0000)?  z(0000) +y(0000),
where
(1.19) By = C,
1
(1.20) c=—a-g,

and V(00) x By is the original space in which the Hamiltonian function
Hrr(z,y,t) is defined.

The following second assertion is verified by virtue of (1.2).

THEOREM 5. For every J = V, IV, II11,1I, the Hamiltonian function
Hj(x) = Hj(*;2(%),y(x),t) in every chart V(%) x By is a polynomial of x(*)
and y(x) of which the coefficients are rational functions of t holomorphic in
Bjy.

§2. Proof of THEOREM 1.

In the following sections, we prove THEOREMs from 1 to 4 by review-
ing the construction of each fiber E;(t) (¢t € By,J = V,...,1I) ([7]) and by

suitably choosing local canonical coordinate systems.
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For every J, we begin our study with a minimal compactification 3. of

C? obtained by glueing four U; = C? 3 (x;,v;),7 = 0,1,2, 3, via the following

identifications:

(2.1) To =121,  Yo=1/u,
(2.2) ro = 1/, Yo = T2(€ — T2y2),
(2.3) To = T3, y2 = 1/y3,

where € is a complex constant. This manifold is known as Hirzeburch surface,
which is isomorphic to P! x P! if ¢ # 0 and to a compactification of the
cotangent bundle over P! if ¢ = 0. We consider each U; or U; x By as a chart
of ¥ or ¥, x By respectively. Note that y; = 0 in U; corresponds to y3 = 0
in Us because

xr1 = 1/x3, Y1 = y3/[r3(eys — x3)].

In the present case where J = V, we take the constant € as € = e(+)
given by (1.7):
€ = (ko + Kt + Koo) /2.

2.1. We extend the system (Hy) defined in Uy X By 3 (zo,0,t) =
(z,y,t) to a Pfaffian system defined in the whole space ¥, x By and we
observe the foliation of ¥, x By defined by the Pfaffian system. We see
that, in U; x By,i = 0,2, the foliation has no singular points and every leaf
is transversal with fibers. However, in U; x By,t = 1,3, the foliation has
both singular points and vertical leaves. Recall that a vertical leaf is a leaf

contained in a fiber. Set

al(,o)(t) = {(z1,91,t) = (v,0,1)}, v=20,1,
a(yO)(t) = {(xg,yg,t) = (0,0,t)}, V=0,

where U; (y; = 0) denotes the set {(x;,;,t) | y; = 0}, then D(© (t)—UV{a,(,O)(t)}

is a vertical leaf and the three points a,(,O) (t),v = 0,1, 00 are the singular points

of the foliation, which is verified, for example, by

dyr  [322 =22+ 1+ O(y1)]n1 dt ty,

dr — 22(z—1)240(y)) = dz  2z(z—1)2+0(y)’




where x = 21, O(y1) denotes a polynomial of x,y;,t with a factor y;.

2.2. Quadric transformations with centers a,(,o)(t) and a(yl)(t) for
arbitrarily fixed t € By and v = 0,00. In order to completely separate
the leaves passing through the point a,(jo) (t), we make quadric transformations
two times successively. We denote the quadric transformation with center a
by Qq.

2.2.1. The first quadric transformation with center a!’ (t). Let
(z,(,l),w,(jl)) € C? and (Zl(,l),W,Sl)) € C? be coordinate systems of VO(I)(t) =
Qa(o)(t)(Ul x t) for v =0 or of Vo(ol)(t) = Qa(o)(t)(Ug x t) for v = 0o defined by

0 [}

9.4 xr1 = Z((Jl)a Y1 = Z(()l)w(()l)v
(2. ) _ W (1) _ /(1)
T =25 Wy, n =Wy,

for v =0, and

o5 r3 = Zc(xlj), Ys = zg)wg),
. v = ZOWY, gy =W,

for v = 0o, then the exceptional curve is given by
D) : = Q0 (1))
= {(z5 wiM0) | 25 = 0y u{(Z(V, WP, 1) | WD =0},
and our system is written as

aw  (1+0W))W dt tW
dZ 7 —k, +OW)’ dZ 7 — K, +O(W)

with (Z, W) = (Z,(,l), W,Sl)), in a neighborhood of Dl(,l)(t) ={W =0}, or

w? %[2 +0(2) + O(w)],

w 1
o = Z[_l + O(z) + O(w)]

“at

with (z,w) = (z,(,l),w£1)), in a neighborhood of (z,w,t) = (0,0,t). Therefore,

we see that
al! (t) = {(ZM, WV, t) = (k,,0,t)} € DIV (),
bV (t) = {(zV, wV 1) = (0,0,£)} € DIV (t) n DO (1),

D) (#) also denoting the proper image of itself by the quadric transformation,
are singular points of the foliation and Dﬁl)(t) - {a(yl)(t), b,(,l)(t)} is a vertical
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leaf. We see moreover that the point " (t) is a singular point through which
no solution of (Hy ) passes by virtue of Painlevé property and the above
form of the system near (z,w,t) = (0,0,t). We call such a singular point an

inaccessible singular point in this paper.

2.2.2. The second quadric transformation with center a'’ (t). Let
(z,(,2),w,(,2)) € C? and (Zl(,Q), 152)) € C? be coordinate systems of VO(Q)(t) =
Qo (Vo () for v = 0 or of Vi (t) = Q) (V& (1) for v = 00 defined

0 oo
by

ZWM =k, + 2, W = 2y@),
(2.6)

ZM =k, + 2w wH =W,
then

DR (1) i= Q0 () (1)) = {=() = 0} U {W) = 0}
We can verify that the Pfaffian system is written as
tdZ® — P,(Z» W t)dt = 0,
tdw® — Q, (2P W2 t)dt = 0,

in the coordinates Z£2), WIEZ), and t where P,, (@, are certain polynomials
of Z,52), W,SQ), and t. This means that the foliation has no singular points in
(Zl(,Q), W,EQ),t)—space C? x By and every leaf in the space is transversal with
fibers. On the other hand, the point (252), w,(,2),t) = (0,0,t) is not a singular
point of the foliation and the leaf which passes the point is the vertical leaf
D,(jl)(t) - {bl(,l)(t)}, because our system is written as

dw w dt tw

dz  140w) dz 1+0(w)

with (z,w) = (zl(,z),w,(?)), in a neighborhood of (z,w,t) = (0,0,t).

2.3. Quadric transformations with centers ago)(t),...,agg)(t) for
arbitrarily fixed ¢ € By . In order to separate the leaves passing through

the point ago) (t), we make quadric transformations four times successively.

2.3.1. The first quadric transformation with center ago)(t). Let
(z%l),wgl)) € C? and (Zfl),Wl(l)) € C? be coordinate systems of Vl(l)(t) =
QagO>(t)(U1 x t) defined by

x1 =1+ zil), Y1 = zgl)wgl),

(2.7)
=1 W =W
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then
DIV (1) = Q0 (0l (1) = {24 =0} L WV = 0},

and our system is expressed as

dz  (O(z) +O(w))z dt tz

dw ~ (—ntw+ 0(z))w’ dw ~ —ntw + O(z)’
: : Wy — [, — _ () (1)
in a neighborhood of D;"(t) = {z = 0} where (z,w) = (2, ’,w;"’), or

aw  OW)W dt W

dZ ~— nt+O0OW)  dZ  nt+O(W)’

in a neighborhood of (Z, W,t) = (0,0,t) where (Z, W) = (Z%l), Wl(l)). Hence

we see that the point
1 1 1 1 0
aM(t) = {(zV, wi 1) = (0,0,)} € DIV (£) N DIV (1)

is a singular point and Dgl)(t) - {agl)(t)} is a vertical leaf.

2.3.2. The second quadric transformation with center agl) (t). Let
(z§2),w§2)) € C? and (ZfQ),WIQ)) € C? be coordinate systems of VI(Q)(t) =
Qv (Vi (1)) defimed by

29
. Z§1) _ Z{Z)Wl(Q), wgl) _ W1(2),
then

Dg )(t) = Qa§1)(t)(ag. )(t)) = {Z£ ) = 0} U {Wl( ) = 0},
and our system is written as

dz _ (0(1) +O(z) + O(w))= dt tz

dw (=2 —-2ntw+ O0(2)w ’ dw =2 —2ntw+ O(z)’

in a neighborhood of D§2)(t) = {z = 0} where (z,w) = (z§2),w§2)), or

dz 1 dw 1
7 = 2+0@E)+0w)],  —-=2[-2+40() + O(w)],
in a neighborhood of (z,w,t) = (0,0,t) where (z,w) = (z§2), w§2)), or

‘;_f _ %[27775 1+ 0(Z) + O(W)), dd—lf - %[—27715 +0(2) + 0(W)),
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in a neighborhood of (Z, W,t) = (0,0,t) where (Z, W) = (Zfz), W1(2)). There-

fore we see that the points

o (1) = (5”0l ) = (0,=1/(nt), 1)} € DY (1),
B2 (1) = {(z1?, w'? 1) = (0,0,£)} € D (t) N DIV (1),
b2 (1) = (22, W, 1) = (0,0,0)} € D (1) n DV (¢)
are singular points, b( )( t) and b(2) (t) are inaccessible singular points, and

D?)( t) —A{a §2)( t), b( )( t), b(2 = (t)} is a vertical leaf.
2.3.3. The third quadric transformation with center af) (t). Here

we insert a change of variables
(2.9) 2V =27, w? =1/,

namely, a change of local coordinates near the point a( )(t). The change of
variables is necessary for making transition functions in a description of Ey
symplectic.
Let (z§3),w§3)) € C? and (Z§3),W1(3)) € C? be coordinate systems of
3
( )( t)=Q <2)(t)( v )( t)) defined by
z§2) = zg?’), v§2) =-—nt+ 2(3)w§3),

(2.10)
2 ZPWO, o = W,

then
D (1) = Qo) (a1 (1)) = (=17 = 0} U (W;* = 0.

We see that our system is expressed as

dz (—mt + O(2))z at tz
dw  2t((ke+1) —w)+0(2) dw  2nt((ke+1) —w) + O(2)’

in a neighborhood of Df’)(t) = {z = 0} where (z,w) = (z%s),wf)), or

W o o), ST = Lo+ 0(2)+ (W),

in a neighborhood of (Z, W,t) = (0,0,t) where (Z,W) = (ZF’), Wl(g)). There-
fore,

Bty = (P w® 1) = 0,/ +1,8)} € DI (1)
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b3 (1) = {2, W 1) = (0,0,t)} € D (t) n D) (1)

are singular points, bg?’)(t) is an inaccessible singular point, and D§3) (t) —
{agg) (1), bgg)(t)} is a vertical leaf.

2.3.4. The fourth quadric transformation with center a(g)( t). Let
(zfl) (4)) € C? and (Z(4) W(4)) € C? be coordinate systems of V(4)( t) =
Q) (Vi (1)) defined by

4 =", wi¥ = (ke +1) + 2wy,

(2.11)
OO sy

Y

We can verify that the Pfaffian system is written as

oD Py 0 it =0,
tdw1 Ql(zl ,w14),t)dt =0,

in the coordinates z( ), wYL), and t where P;, ()1 are certain polynomials of

54) w§4), and ¢. This means that the foliation has no singular points in
(z§4), wg ),t)—space C? x By and every leaf in the space is transversal with

fibers. On the other hand, we can verify that

iz ZO(Z) dt tZ
dW — —nt+0(2)’ dW — —nt+0(2)’

in a neighborhood of (Z, W,t) = (0,0,t) where (Z,W) = (Z£4), W1(4)), which
shows that the point (ZYI), W1(4),t) = (0,0,t) is not a singular point of the
foliation and the leaf which passes the point is the vertical leaf DgB) (t) —
UROIE

2.4. The space Ey . Denote by ®; the composition of all the above eight
quadric transformations. Then the space constructed by K. Okamoto([7]) is

the space defined by

By = |J Bv(W)xt. Bv(®)=Ev)-DOwu |J DPwu |J D)

teEByvy v=0,00 k=1,2,3

where

By (t) = ®:(3c x t).

We can verify that the extended system of (Hy ) defines a uniform foliation

on Ev.
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By following the above procedure, we see that Ey is a 3-dimensional

complex manifold obtained by glueing

{($07y07t) € C2 X BV}; {(IQ,yQ,t) € C2 X Bv},
(2P WP t) e C? x By}, v=0,00,
{({", i 1) € C* x By},

via the coordinate transformations (2.1) — (2.11). It is easy to see that

dyo A dxo = dy2 N daj'g,
dyo A dag = —dW D NdZSP,  dys A day = —dWD A dZD,
dyo N\ dxg = dw§4) A dz£4).

Therefore, by choosing new coordinate systems as

(2(00), 4(00)) = (z0,Y0),
(2(000), y(000)) = (=27, W§?),  (2(100),y(1o0)) = (2, wi?),
(2(0004), y(0004)) = (22, 32),  (2(000—),y(000-)) = (— 22, W),

we obtain a description of Fy given in THEOREM 1. Thus we have proved
THEOREM 1.

Figure 1. J =V

§3. Proof of THEOREM 2.

In the following sections, we only give the exact forms of our transforma-
tions, because the verification of the transformations is the same as that in
the preceding section, §2.

In the case of J = IV, we take € for ¥, as

€ = Koo-
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3.1. Extend the system (Hy ) defined in Uy X By 3 (xo,yo,t) = (x,y,t)
to a Pfaffian system defined in the whole space ¥ x Byy. Then, in U; x
Bry,t = 0,2, the foliation defined by the Pfaffian system has no singular
points and every leaf is transversal with fibers, however, in U; X Bry,7 =1, 3,
the foliation has both singular points and vertical leaves. We see that, for
any fixed t € By, DO (t) — Uy{al(,o) (t)} is a vertical leaf and the two points

al(,o) (t),v = 0,00 are singular points of the foliation, where
DO(t) = (Ui(yr = 0) x t) U (Us(ys = 0) x t) = P,
ag” (1) = {(z1,y1,8) = (0,0,0)}, al(t) = {(ws,y3,1) = (0,0,1)}.

3.2. Quadric transformations with centers a(()o)(t) and a(()l)(t) for
any fixed t € Byy. In order to separate the leaves passing through the point
a(()o) (t), we make quadric transformations two times successively.

3.2.1. The first quadric transformation with center ago) (t). Let

(1) 1, (1)

1= 20 Y1 =20 "Wy
(3.1) _ (W) e
r1 =2y Wy, y1 =Wy,
then
D(() )(t) = Qaf)o)(t)(ag )(t)) = {zé ) = 0} U {WO( ) = 0},
the points

al" (1) = {(287, W), £) = (r0,0,8)} € DS (1),
1 1 1 1
b5 (8) = (=8, wi £) = (0,0,£)} € DO (1) N DIV (t)

are singular points of the foliation, Dél)(t) — {a(()l)(t), bél) (t)} is a vertical leaf,

and b(()l) (t) is an inaccessible singular point.

3.2.2. The second quadric transformation with center a(()l)(t).

Let
Zél) — Ko+ Z(()z)) Wél) _ z(()Z)w((f),
(3:2) (1) 272 (1) (2)
Zy ' =Ko+ Zy Wy, Wy =Wy,
then

DG (1) = Qo0 (a5 (1) = {z57 = 0} U{Wg? = 0},
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We see that, in the (252), Wéz),t)-space C? x Byy, the Pfaffian system has
no singular points, every leaf is transversal with the fibers, and the point
(z(()Q),w(()Q),t) = (0,0,t) is not a singular point of the foliation and the leaf

which passes it is the vertical leaf D(()l)(t) — {b(()l)(t)}.

3.3. Quadric transformations with centers all )( t), ... (5)( t) for
any fixed t € Bry. To separate the leaves passing through the pomt all )( t),

we make quadric transformations six times successively.

3.3.1. The first quadric transformation with center ald (t). Let

€T3 = Z((le), Yz = z(l) (()é)7
(3.3)
x —Z(l)ch)v Y _Wo(i),
then
DR () = Q0 4, (@D (1) = {z8) = 0} u (W) = 0},
the point

a&) (t) = {(Zéé),wg)),t) = (0,0,t)} € Dg)(ﬂ

is a singular point of the foliation, and DS (t) — {ag}))(t)} is a vertical leaf.

3.3.2. The second quadric transformation with center ag}) (t).
Let

N )
(3.4)

= ZOWE, W~ W),
then

DA (1) = Q) (1) = (=2 = 0} U WD =0},
the points
() = {(z2,wl),t) = (0,0,1)} € DL (1),
5(2)@) (2. W2.t) = (0,0,0)} € DL (t) n DL (¢)
are singular points of the foliation, the point bg)) (t) is an inaccessible singular

point, and D (t) — {a((f)) (1), bg)(t)} is a vertical leaf.
3.3.3. The third quadric transformation with center (()o)( t). Let

D=, u® =D,

3.5
39 O ZOWE W — ),

15



then
DR (1) 1= Q @, (a2 (1)) = {z = 0} U W = 0}.
We see that
o) (1) = {(z8),wd 1) = (0,-2,1)} e DO (1),
b3 (1) = {2, w®,t) = (0,0,1)} € DO(t) N DL (1),
bE () = {2, WP 1) = (0,0,8)} € DX N DD (1)

are singular points of the foliation, the points b( ) o(t) and bg’))oo( t) are inaccess-

sible singular points, and D(S)( t) — {a(3)( t),b So))o(t) & ~ } is a vertical leaf.
3)

3.3.4. The fourth quadric transformation with center as (t).

Here we take a change of coordinate systems near the point al )( t) given by

(3.6) 23 =20, w® =1/,
Let
S SRy )
(3.7)

z((g) — Zé‘ol)wo(;l)’ v(()i) = _1/2+ Wéfj),
then

D(t) i= Q01 (@D (1) = (=0 = 0} U (WY =0},
the points

&) = {0, wld, 1) = (0, —t,0)} e DO (1),
6(4)@) {(Z(‘” W(4 t)=(0,0,t)} € DY (t) n DY (1)

are singular points of the foliation, b(()i) (t) is an inaccessible singular point,
and Dgi)( t) — {a(4)( t),b (4)(t)} is a vertical leaf.

3.3.5. The fifth quadric transformation with center a (¢ )( t). Let

zc(é) = z((g), wc(f)) =—t+ zg‘z)w(()i),
(3.8)
then

DR (1) 1= Q v, (¥ (1)) = {x& = 0} U W =0},
the points
al® (1) = {(z0,w®) 1) = (0,1 — ko + 200, 1)} € DO (1),
b2 (1) = {(Zz2), W) 1) = (0,0,t)} € DD (t) n DO)(¢)

16



are singular points of the foliation, b(5)( t) is an inaccessible singular point,
and DY) (¢ (t) — {a(S)( ), ( )} is a vertical leaf.

3.3.6. The sixth quadric transformation with center aS )( t). Let

2 =29, w® = (1 = ko + 2600) + 20w,
(3.9)

20 = ZzOwW O, w® = (1 — ko + 2k00) + WO,
then

DO () := Qo) (@2 (1)) = {22 = 0} U (W) =0},

We can verify that our system has no singular points and every leaf is
transversal with the fibers in the (zég), wgo),t)—spa,ce C? x Byy, moreover, the
point (Zég), chg),t) = (0,0,¢) is not a singular point of the foliation and the

leaf which passes it is the vertical leaf DY) (t) — {bgi) (t)}.

3.4. The space Ejy. Denote by ®; the composition of all the above
eight quadric transformations. Then the space constructed by K. Okamoto is

the space defined by

Erv = |J Ew(t)xt, En(t)=En@#)-DOwuDi ) |J D)

teEBrv 1<k<5

where

E[\/(t> = (Dt(ie X t).

By the above procedure, we see that Ery is a 3-dimensional complex

manifold obtained by glueing

{(z0,90,t) € C* x Brv}, {(22,92,t) € C*> x Bry},

(27, W§" 1) € € x Brv}, {219, w9,1) € C* x By},

via the coordinate transformations (3.1) — (3.9), and
dyoNdzg = dyshdza,  dyoidazy = —dW D AZSY,  dysndes = dw O Adz(O).
Therefore, by choosing new coordinate systems as

((00),5(00) = (z0,%0),  (2(000),y(00)) = (— 2, W),

((000), y(000)) = (22,2),  (2(0000), y(0000)) = (2, w ),

17



we obtain an expression of Ejy given in THEOREM 2, which completes the

proof of the theorem.

Figure 2. J =1V

84. Proof of THEOREM 3.
In the case of J = II1, we take ¢ for ¥, as that given by (1.16).

4.1. For any fixed t € By, our extended Pfaffian system has two singu-
lar points al(,o)(t), v =0, 00 and a vertical leaf D (t) — Ul,{a(yo) (t)} on a fiber
¥, x t where

DO(t) = (Ur(yr = 0) x t) U (Us(ys = 0) x t) = P,
ol (t) = {(z1,1,) = (0,0,8)},  aQ(t) = {(w3,y3.£) = (0,0,1)}.

4.2. Quadric transformations with centers a(()o)(t),...,aé?’)(t) for
any fixed t € Byj;. To separate the leaves passing through the point a(()o)(t),
we make quadric transformations four times successively.

4.2.1. The first quadric transformation with center a(()o) (t). Let

(1) (1, ,(1)

1= %0 Y1 =20 "Wy
(1) _ (WD) D)
=2y Wy, y1 =Wy,
then
DGV (1) = Q0 (a5 (1) = {z5”) = 0} U {wg" = 0},
the point

1 1 1 1
al"(t) = {(z5, w§" 1) = (0,0,1)} € DIV (t)

is a singular point of the foliation, and Dél)(t) - {a(()l)(t)} is a vertical leaf.

18



4.2.2. The second quadric transformation with center a(()l)(t).

Let

1 2 1 2) (2
(4.2) zé):zé), wé):zé)wé).

' 1) _ (2)11(2) 1 _ (2
2o =4y Wy, wy = Wy,

then
DG (1) = Qo0 (a5 (1) = {z57 = 0} U{Wg? =0},

the points

&@zmwwwbwAWmmem
b (t) = {(=57, wi? 1) = (0,0,0)} € DO (t) N DP(¢),
b&wﬂwmmmw«WMEWWm%%>

are singular points of the foliation, b(g%) (15),()(()?O (t) are inaccessible singular

points, and D((,z)(t) - {aéQ) (1), b(()%) (1), b(()zo)o (t)} is a vertical leaf.
4.2.3. The third quadric transformation with center a(()2)(t). We

insert here the transformation

(4.3) zég) 282), wé2):1/v(()2).
Let
o e e
2y = Zy Wy, —not + Wy~
then

D(()3) (t) := Qa((f)(t)(a((f) 1) = {283) =0} U {WO(S) =0},

the points

ag” (1) = {(=" wi”, 1) = (0,k0 + 1,0)} € Dy (1),
by (1) = (257, w5 1) = (0,0,0)} € D (1) N DY (1)
are singular points of the foliation, the point bég) (t) is an inaccessible singular
point, and D(()3) (t) — {a(()s)(t), 683)(75)} is a vertical leaf.
4.2.4. The fourth quadric transformation with center a(()?’)(t). Let

3) _ @ w® = (ko +1) + 2Duw®,

(4.5)
= ZOWE, o = (ko + 1)+ W,

19



then
D5V (1) = Q) (a5’ (1) = {z5” = 0} U {W5" = 0.

We see that our system has no singular points and every leaf is transver-
sal with the fibers in the (284),w(()4),t)—space C? x By, moreover, the point
(Z(g4),Wé4),t) = (0,0,t) is not a singular point of the foliation and the leaf
which passes it is the vertical leaf D(()g) (t) — {bg?’) (1)}

4.3. Quadric transformations with centers a'2 (t), ..., a’d) (t) for
any fixed t € Byy;. This procedure is the same as that given in 4.2. provided

the constants kg, ks, M0, Moo are replaced by koo —1, Ko+ 1, Moo, Mo TESPectively.

4.4. The space Ej;;. Let ®; denote the composition of all the above
eight quadric transformations. Then the space constructed by K. Okamoto is

the space defined by

Eir= |J Eur(t)xt, En(t)=Em(t)-DOnu ) DP@

teEBrII1 v=0,00,1<k<3

where

E]I](t) = (I)t(EE X t)

We see that Eyy; is a 3-dimensional complex manifold obtained by glueing

{(z0,y0,t) € C* x Brir}, {(z2,v2,t) € C* x Bz},

{(284)7w(()4)7t) S C2 X BIII}7 {(Zég),wg‘é),t) - C2 X B[]]},

via the coordinate transformations (4.1) — (4.5) for v = 0 and and the corre-

sponding ones for v = oo, and
dyo Ndxo = dys Ndza, dyoNdxy = dw((;l) A dzé4), dys Ndxo = dwc(é) A dzc(f,).
Therefore, by taking new coordinate systems as

(2(00), y(00)) = (z0,30).  (2(000),y(000)) = (=" wg").

((000), y(000)) = (22,2),  (2(00mot), y(oonect)) = (28, w D),
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we obtain an expression of Ej;; given in THEOREM 3, which proves the

theorem.

Figure 3. J =111

§5. Proof of THEOREM 4.

In the case of J = I, we take € for ¥, as (1.20).
5.1. For any fixed t € Bjyy, our extended Pfaffian system has a singular
point a'Y (t) and a vertical leaf D) (¢) — {agg)(t)} on a fiber ¥, x t where

DO(t) = (Ur(yr = 0) x t) U (Us(ys = 0) x t) = P,
a(()g)(t) = {($37y37t) = (0707t)}'

5.2. Quadric transformations with centers agg)(t),...,ag))(t) for
any fixed t € By;. To separate the solutions which pass through the point

ald (t), we make quadric transformations eight times successively.

5.2.1. The first quadric transformation with center a'% (t). Let

vy = ZOWD, gy = W)
then
DL (t) = Q0 (aQ (1) = {z) = 0y U {WL) =0},
the point

aM(t) = {(z), wd),t) = (0,0,t)} € DL (t)

is a singular point of the foliation and Dg})(t) - {a&) (t)} is a vertical leaf.

5.2.2. The second quadric transformation with center ag,)(t).

Let

20 = 0, wlh) = 2Dy

5.2
o2 L ZOWR W — ),
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then

ch) (t) = Qa(1>(t)(a<(>33) (t)) = {Zg) = O} U {Wg) = O}a
the points

G t) = {(z22, w2, t) = (0,0,6)} € D (1),

b2 (t) = {(282 W(Q t) = (0,0,t)} € D (t) N DL (¢)
are singular points of the foliation, the point bg) (t) is an inaccessible singular
point, and DC(XQD)( t) — {a(2)( t), b2 (t)} is a vertical leaf.

5.2.3. The third quadric transformation with center a @ )( t). Let

y ROpOY w® = @)@
i - ZOWE, u W),
then

D) 1= Qo (a2 (1) = {2 = 0} U {WE) = o},
the points
Q) = {(z8),w),t) = (0,0,6)} € DX (1),
(3)(t) {(z8 W(S) ;1) = (0,0,8)} € DE(t) N DY (#),
are singular points of the foliation, the point bgi) (t) is an inaccessible singular
point, and DC(S,)( t) — {a(?’)( t), b (t)} is a vertical leaf.

5.2.4. The fourth quadric transformation with center a$ )( t). Let

y 23 ), w® 200
o - ZOWE,  u W,
then

DY) = Q0 (D (1) = (=) = 0} U (W) =0},

the points

oD (t) = {(z,wd, 1) = (0,-1/2,1)} € DY (1),
bien(t) = { (= <4> wld) 1) = (0,0,t)} € DO(t) n DY (),

O (1) = {(Z29, W, 1) = (0,0,6)} € D) (t) N DY (¢)

are singular points of the foliation, the points bc(:i)o (1), b (t) are inaccessible

singular points, and DS ( ) — {a ( )} is a vertical leaf.
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5.2.5. The fifth quadric transformation with center al: )( t). We

insert here a transformation given by

(5.5) 2 =) wd =1/0@),
Let
W=D, =2,
(5.6)
then
D (1) 1= Q) (@) = {2 = 0} U WS =0},
the points

a® ) = {(z2,w?) t) = (0,0,t)} € DO (1),
b (1) = {280, WD, 1) = (0,0,6)} € DO(t) n DY (1)

are singular points of the foliation, the point bé‘? (t) is an inaccessible singular
point, and DY) (t) —{a (5)( ),bg)(t)} is a vertical leaf.

5.2.6. The sixth quadric transformation with center al )( t). Let

5.7 ) =22, wl) = 20w,
(5.7) 20 = 7OWO O — WO,
then
DO (t) = Q) (D (1)) = {z = 0} U WO =0},
the points

(6)(t) (26 ©) (6) 1) = (0,—t,1)} € D&S)(t),
b (1) = (22, WE.1) = (0.0.0)} € DY (1) N DY)

are singular points of the foliation, the point b (t) is an inaccessible singular
point, and D& (¢ (t) — {a(ﬁ)( ),bg)(t)} is a vertical leaf.

5.2.7. The seventh quadric transformation with center al )( t). Let

(5.8)
O WD, W= W,
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then
DD (t) := Qa<6>(t)(af>2) ) = {0 =0y u{w =0},

the points

aD (1) = {0, 0D, ) = (0,20, 1)} € DO (1),
b (1) = (20, WD, 1) = (0,0,4)} € DO (t) N DD (1)

are singular points of the foliation, the point bg? (t) is an inaccessible singular
point, and Dm( t) — {ag)) (1), bg?(t)} is a vertical leaf.

5.2.8. The eighth quadric transformation with center a'y )( t). Let

- zg) = zgi), wg) = 2a+ zc(f))wgi),
i D = ZOWS,  wll) =20+ W),
then

DO (1) = Qe (D (1)) = {2 = 0} U (WY = 0.

We see that, in the (zéi),wg),t)—space C? x Byj, our system has no
singular points and every leaf is transversal with the fibers, moreover, the
point (Zg), Wéf),t) = (0,0,¢) is not a singular point of the foliation and the
leaf which passes the point is the vertical leaf DS (t) — {bg) (1)}

5.4. The space Ej;. Let @, denote the composition of all the above

eight quadric transformations. Then a space defined by

Er = U Er(t)xt, Ep(t)=En(t)—DO(t) U D (¢
Bt 1<k<7

where

E]](t) = (I)t(ie X t),

is the space constructed by K. Okamoto.
By the above procedure, we can see that Er; is a 3-dimensional complex

manifold obtained by glueing
{(x07y07t) € C2><BII}7 {($27y27t) 602XBII}7 {(zg),wg),t) EC2XBII}7
via the coordinate transformations (5.1) — (5.9), and

dyo N\ dxg = dys Ndzs, dys A\ drs = dwg) A dzc()i).
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Therefore, by choosing coordinate systems as

(2(00),5(00)) = (z0,50),  (2(000),y(000)) = (22, y2),

(2(0000), y(0000)) = (28, wd),

we obtain an expression of Ej; given in THEOREM 4, which shows the the-

orem.
Figure 4. J =11
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