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1 Introduction

The purpose of this paper is to show that we can take coordinate systems
determined by the Backlund transformations as coordinate systems of the man-
ifolds of Painlevé systems constructed by K. Okamoto ([10]) (except the first
one) and that the manifolds with parameters equivalent under the corresponding
affine Weyl groups are mutually isomorphic.

The J-th Painlevé system (J = II, II11,1V,V,VI) which is equivalent to the
J-th Painlevé equation is the following Hamiltonian system

(HJ’OJ 6q = {HJ(qapat7a)7q}a 6]) = {HJ<Q7p7t7a)ap}a

where 6 = d/dt for J = 11,1V, § = td/dt for J = III,V, § = t(t — 1)d/dt for
J=VI, {,-} is the Poisson bracket defined by

9f9g 0fdg

V9= 9000 " 24 00

and the Hamiltonian H;(q,p,t,«), « = (ap, @1, ...) being parameters with a
relation, is given by

Hilgpta) = 50— (@ + gp— g
(g + a1 =1),
Hirr(g,p,t,a) = ¢°plp—1) +ql(ao + a2)p — ag) + tp
(ap + 201 + az = 1),
Hrv(g,p,t,a) = qp(p—q—2t) — 2a1p — 22q
(g + a1 +az=1),
Hy(g,p,t,a) = q(g—1)p(p+1) — (o1 + az)gp + cup + aztq

(g + a1+ oz + a3z =1),



Hyi(g,p.t,e) = qlg—1)(q—t)p* = [(a0 — 1)glg — 1) + aalqg — 1) (g — 1)
+azq(q —t)]p + az(ar + az)(qg — t)
(o + a1 + 200 + a3 + a4 = 1).

We notice that the forms of the Hamiltonians for J = I11,IV,V given here are
slightly different from those in [2],[14],[4]. The Hamiltonian for J = II1I or IV
or V is obtained from that for J = ITI’ or IV or V in [2] respectively by certain
change of variables (see Section 3).

Each Painlevé system determines a complex one dimensional nonsingular
foliation of C? x B;(3 (¢, p,t)) where

BII:B]V:C, BII]:BV:C—{O}, BV]:C—{O,l}.

The system is holomorphically extended to one on a manifold E;, which is a
fiber space over B having the C? x B as a fiber subspace and the extended
system defines a uniform foliation F;, of E;, although the foliation of the
C? x By is not uniform ([14],[4],[10]). Here the uniformity of the foliation F ,
means that, for any point Py € Ej,, every curve in By starting from m;(Pp)
is lifted on the leaf passing through Py, where m; is the projection from Ej, to
Bj;. We notice that the uniformity of the foliation is equivalent to the so-called
Painlevé property for the Painlevé system, that is, if (¢(t), p(t)) is a local solution
of (Hja) determined by an arbitrary initial condition q(to) = qo € C, p(to) =
po € C with tg € By, then both q(t) and p(t) can be meromorphically continued
along any curve in B with o starting point ty. The fibers of E;, are called the
spaces of initial conditions([10]). Each Ej, is described by the original chart
C? x By and a finite number of copies C? x B of C? x B; where coordinate
transformations are certain birational symplectic ones ([14],[4]).

On the other hand, each Painlevé system admits a Bécklund transformation
group of certain birational symplectic transformations each of which preserves
the form of the Hamiltonian and changes the parameters «; as an element of an
affine Weyl group ([6],[7],[8],[9]). This fact was first recognized by K. Okamoto
([11]), but our presentation in the following is different from his.

Let K = C(¢,p,t,a) (o« = (aog,aq,...) ) be a differential field of rational
functions of ¢, p,t, « with a derivation § defined by

_9f.
-5

where ¢’ is 9/0t for J = II, IV, t0/0t for J = III,V, and t(t — 1)0/0t for
J = VI. (Notice that da; = 0.) Then, there is a Bécklund transformation
group W which is a lift of an affine Weyl group acting on the a-space such that

0
6f {HJ(qapat7a)7q}+67£'{HJ(q7pat,a)7p}+6/f7 f€K7

(i) each w € W is an isomorphism from the field K to itself,
(ii) ow = wd, forw e W,
(iii) w{f, 9} = {w(f), w(g)} forweW, f,geK.



The group W is generated by a finite number of reflections s;.

For w € W, consider a birational symplectic change of variables from (g, p, t)
to (q’wupwa tw) defined by

qw =w(q), Pw=w(p), tw=muw(t).

Then the Hamiltonian system (Hjo) with ap 4+ ... = 1 is transformed to
(HJ,w(oz)):

(;Qw = {HJ(Qwapw7tw7w(a))aQ1u}a 5pw = {HJ(qu)vavtwvw(a))va}v

where w(a) = (w(ap), w(ai), ...) with w(ag) + ... = 1. (We notice that ¢, =t
for every w € W in the case of J # III and t,, = +t in the case of J = 1]
and § = §,, where J,, is the derivation with respect to t,,.) Hence w extends the
domain of definition C? x B of the system (H,) to C?> x ByUC2 x B,/ ~,
where ~ is an identification of the points (¢, p,t) € C? x By and (qu, puw,tw) €
C2 x Bjw(~ C?x By) by the above relation. The system (H j(a)) is considered
to be the restriction of the extended Hamiltonian system on the chart C2 x B ;.

We extend the domain of definition C? x B of (H;,) by all w € W. Let
ng/a be a manifold obtained by gluing the copies C2 x Bjw,w €W of C?x By
via the relations

Gu’ = w/w_l(Qw)7 Pw’ = w/w_l(pw)v ty =w w_l(tw)

for any w,w’ € W :

E%::(U C?UXBJM)/N.

weWw

The identification ~ is well defined since W is a group. We often consider each
C2 x Bj., a subset of Eg‘,/a.

The manifold ng/a is a fiber space over By and the extension of the Painlevé
system (Hj,) on E}f)’a defines a complex one dimensional nonsingular foliation
of E};‘fa each leaf of which is transversal to fibers.

The main result of this paper is stated as:

Theorem 1. The identity mapping ¢ from C2 x By C EEVQ to the original
chart C% x By of Ej can be extended to an isomorphism

p: E};E/a — Ejq.

In general, for any w € W, the mapping ¢,, from the chart C2, x By, >
(Gus Pwstw) of E}’Efa to the original chart C?> x By > (q,p,t) of Ejwa) defined
by (q,p,t) = (qu, Pw, tw) can be extended to an isomorphism

Pw * E};Va — EJ,w(a)'



Here an isomorphism means a biholomorphic mapping which preserves fibers
and leaves of the foliations.

In the proof of the theorem, the uniformity of the foliation F;, of FEj,
plays an essential role. One can find a proof of the uniformity in [15],[18],[1], for
example. By means of the theorem, we can say that the manifold E , is covered
by the coordinate systems C2, x Bj,,w € W. The coordinate systems are
convenient in that the Hamiltonians on them are easily obtained by the changes
of parameters. The following important fact is also an immediate consequence
of the theorem.

Corollary. The manifolds Ejo and Ejo are isomorphic if there exists
w € W such that o/ = w(a).

In a private communication, we were informed that H. Umemura and J.
Matsuzawa had also obtained the corollary.

‘We notice that the manifold E}}Ya is covered by a finite number of coordinate
systems although it is defined by infinitely many ones. The fact is verified by
the above corollary, the following theorem in which s; are the generators of W,
and the property that, for any «, there is a w € W such that none of w(a;)
(and w(ay + ag) for J = V1) vanish. The theorem is also used in the proof of
Theorem 1.

Theorem 2. (The case of J =II,II1,IV,V) If none of a; vanish, then

<C2 ><BJ|_|(|_|C§1 XBJ,s,;))/N ZEELQ.

(The case of J =VI) If none of a; and oy + oz vanish, then

CQXBVI'_'( |_| Cz, XBVI)l_lcgng X Byr /N ZEV],Q.
i=0,2,3,4

In Section 2, we give lists of certain generators of Backlund transformation
groups of Painlevé systems and show some propositions which will be used in the
proof of Theorem 1. In Section 3, we review the descriptions of the manifolds
Ejo ([14],/4]) and give lists of Hamiltonians on all charts and then we show a
proposition. The succeeding sections are devoted to proving Theorems 1 and 2.
We first prove Theorem 2 in Section 4 and then prove Theorem 1 in Sections
5 and 6. In the case of J = VI, there appear divisors in E}ffa and a divisor
in £y, at infinity of the original chart which are invariant with respect to the
foliations, and hence we have to observe them precisely.

In the end of this section, we note a work by H. Watanabe in which he has
given some relations between Béacklund transformations and suitable descrip-
tions of the manifolds ([16],[17]).



2 Backlund transformation groups

In this section, we give explicit forms of some natural generators s; of the
Bécklund transformation group W of each Painlevé system and some proposi-
tions. We give also generators of the extended Bécklund transformation group
W although it is not used in this paper. Each list consists of the type of
affine Weyl group, Dynkin diagram, generalized Cartan matrix, the fundamen-
tal relations of the generators of the Backlund transformation group W and
the extended Backlund transformation group W, and the explicit forms of the
generators. Except for the case of Py the group W is the full symmetry group
which preserves the independent variable ¢.

2.1 Thecaseof J=1I

ap aq 2 -2
Agl): o0& o (a0—|—a1: ) A:[_2 9 ]
AWy = . 2 _ 2 _
W(AY’) = (s0,81): s5=s7=1
W(Agl)) = (s0, $1,7) : 5% =s2=1; 72 =1, msg = sy, TS| = SQ.
o)) aq q p
Cl2
50 —Qo a1 + 29 | g+ p_gq%_t p+ pfgqozq_t + (p_ngo_t)z
s1 | ap + 20 -y q+ % D
T g Qo —q —p+2¢°+t
The last list must be read as
so(g) = —ag, so(on) = ag + 20,
_ o) _ 4dapq 204(2)
So(q) - q+p_2q2_t7 So(p)_p+p_2q2_t (p—QqQ—t)27
and so on.
2.2 The caseof J =111
1 Qg 1 Q9 2 -1 0
V. ozoeo (ap+2atar=1 A=|-2 2 -2
0o -1 2
W(C’z(l)) = (50,51,82): se=s3=s52=1, (s051)* = (s180)" =1
—~ 2=s2=52=1, (s9s1)*=(s182)*=1,
W(CE) = (30,0, m0,m) - 412 7 1 om) = (s
e =1, TSg = Som, WS1 = S1T, WSy = Sm.



&) (o351 Qg q D
50 —Q a1 + Qg Qo t q+ % P
S1 | ag + 20 —oy s +2aq | —t q p— %% + q%
52 &%) o+ Qg —Qi t g+ pa%l D
s (6D) (6] Qo —t —q 1— P

We remark that the Bécklund transformations of the Hamiltonian system
(Hprr) can also be described in terms of an extension of the affine Weyl group
W(Agl)) X W(Agl)). In this paper, however, we make use of W(Cél)) for con-
venience, since it is directly related to the description of the manifold Erjy o

given in the next section.

2.3 The case of J =1V
(67} 2
O
Og/\gQ (Oéo—‘r()él—‘r()ég:l) A= -1
-1

Aél) :

W (AWM = (s0, 51, 52) :

—~ s2=g2=342= 1,
W(Aél)) = (s0,81,80,m): o 72

5(2) = 5% = 53 =1, (5051)3 = (5182)3

(s051)* = (s152)® = (s250)% = 1,

7'('3:1, TS = S1T, TS1 = ST, WS = SOT.

-1 -1
2 -1
-1 2
= (5250)3 =1.

Qo Qay G2 q P
S0 —ag art+ay a2+ oo | g+ p_Q;l_Ozt p+ p—2t?—02t
$1 | ag + aq - Qg + g q p- %
S2 | g +az a1+ —GQ2 q*‘% P
- o o ao —p —p+q+2t
2.4 The case of J =V
o 2 -1 0 -1
o o as -1 2 -1 0
A 0= o0 (aptartaztaz=1) A=10 1 2 1
«
2 -1 0 -1 2
W(Agl)) = (s0,81,82,83) : 87 =1, (sisiza)’ =1, (sisiy1)° = 1.
si=1, (sisip2)’ =1, (sisip1)’ =1,

741
W(AQ(S )) = <80781a823837ﬂ-> : 4
=1, ms; = Ss; 7.

(i € Z/4Z)



Qo 231 a2 a3 q p
So —Q a1 + o (e %) a3 +op | 9+ % p
81| o+ oy -0 o+ a3 q p— %
S Qg a1 + s —Qa as+as | g+ % P
53 | ap + a3 aq aztaz  —ag q P
™ o o) Qg ag -2 (q—1)t
2.5 The case of J=V1I
2 0 -1 0 0
W oo, @2 o as 0 2 -1 0 0
D, o §>0<2 ay (aotar+2astast+ay = 1) A= -1 -1 2 -1 -1
0 0o -1 2 0
0 0o -1 0 2
1 L2 2 2 3
W(Dz(l )) = <807515 82753784> LS =S = 1, (SiSj) =1, (5i32) =1.
w(nWLy _ .
W(D4 ) - <8078178278378470-01\34a0-03|1450-04|13> .
2 2 2 3 ..
s;i=s5=1, (s;85)° =1, (s82)° =1, (4,5 #2)
Uo1|34(80781782783,54) = (51, 80, 52, 54,83)001|34,
Uo3|14(80,81,32,83,34) = (3, 54, 52, 80751)003|147
004|13(50,81,82,83,84) = (54, 53, 52, 81,50)004|13-
The Diagram automorphisms o134, 003|14, 00413 generate the Klein group of
order 4.
Qg a1 a2 a3 Qy q p
50 —Qg q Q2 + g Qs Oy q P— %
S1 Qp —Qq g + o a3 0y q p
s2 |agtoaz artaz  —ar  aztor agtor| g+ F P
53 Qg fa%] az +a3 a3 Qy q P—
Sq Qg aq oo+ oy Qas —ay q p— %
T—1 —D((q—t)ptos
001|34 aq (o)) [ QY Qs (qft) +t — (g )(t(((ifl))p 2)
t +
00314 Qa3 Qy a2 o7 851 q *M
t—1 -1 —1)p+
004/13 a7} ag Qg aq ap - t1 (g=D((g=1)ptas) )((571)17 o2)

2.6 Propositions

Recall the definition of the manifold E};E/a by gluing the copies C2, x B, w €
W of C% x B via the identification determined by the Bicklund transformations.
We first give a proposition concerning the extension of the domain of definition,

which will be used in the proof of Theorem 1.



We see that the Hamiltonian system

5(]111 = {HJ(Qwapw7tw7w(a))apw}a 5pw = {HJ(Qwapw7twaw(a))aqw}

on C2, x By, is changed to the Hamiltonian system

5qws = {HJ(Qwsvasv tws, ws(a))vas}a 5pws = {HJ(Qwsvam tws, ws(a))7 Qws}

on C2 X Bj.s, where w € W and s is a generator of W. Let us denote by
Dyws C C2, x Bjys the divisor defined as the complement of C2 x Bj,:

Dy ws = Cfus X B s — CZ) X B .. We notice that D, .,s can be an empty set.
Then we have

Proposition 2.1. In the case of J # VI, every divisor D, s 1s transversal
to leaves. In the case of J = VI, every divisor Dy, s (s # s2) is transversal to
leaves, however the divisor Dy, s, (w(az) # 0) is invariant with respect to the
foliation if w(ay) = 0.

Proof. The proposition is verified by observing the Hamiltonian system on
C2 X Bjys. For example, consider first the case of J = IT,s = s1. Since q,, =
Quws — W(Q1) /Pwss Pw = Pws, We have Dy, s = {pws = 0} if w(aq) # 0. (Notice
that if w(ay) = 0, then Dy, s = 0.) By 0pws = {Hrr(qus, Pws: t, ws()), Pws }
and {H 1 (qws: Pws, t, wS(Q)), Duws }Hpw.=0 = —w(c1), we see that D, ., is transver-
sal to leaves. We consider next the case of J = VI, s = s5. In the case, we have
Dw,ws = {pws = 0} if w(QZ) 7A 0, 5pws = {HVI(QwSaprat7w5(a))7pws}a and
{Hv 1(qws, Pws, t; wS(Q)), Dws }Hpws=0 = w(a2)w(aq ), and then we obtain the last
assertion.

The following proposition will also be used in the proof of Theorem 1.

Proposition 2.2. In the case of J # VI, for any «, there is aw € W such
that w(cy) # 0 for all i. In the case of J = VI, for any «, there is a w € W
such that w(ag + az) # 0 and w(ay) # 0 for all i.

Proof. This fact follows from the actions of translation operators contained
in the affine Weyl group W with respect to the root lattice.

3 The manifolds EFj,

In this section, we give descriptions of the manifolds E; ., Hamiltonians on
all charts of the manifolds, a proposition which will be used in the proof of
Theorem 1.

3.1 Descriptions of Ej,

The manifolds E, = E;, for J = I1, ...,V are described by gluing C*x B >
(q,p,t) and a finite number copies C? x By 3 (x;,y;,t) of C? x By via the



following birational symplectic transformations:

q = 1/mg, p—2¢° —t=z0(—0 — ToYo),
q = 1/z1, p=x1(—a1 —z191)
for J = 11;
q = 1/x0, p=z0(—0— ToYo),
20&1 t
g = Ty, p=y1+——— 3,
x x7
g = 1/xo, p=1+x2(—as — z2y2)
for J =111,
= 1/xo, p—q—2t=2z0(—200 — ToYo)
= yi(2aqy — 1), p=1/y1,
= 1/xo, p=x2(—200 — T2Y2)
for J =1V,
q = 1/x0, p+t=2z0(—0 — T0Y0),
g = wyilar—xy), p=1/y1,
q = 1/w3, p=x2(—2 — T2y2),
qg—1 = ys(az —w3y3), p=1/ys
for J =V,
q—t = yolao —xoy0), »=1/y0,
q = 1/x3, p=x2(—2 — T2y2),
g—1 = ys(as—x3ys3), p=1/ys,
g = vyalas —zays), p=1/ya,
q = 1/[y2(ar —z12u12)], p= —y12(a1 — z12y12) (@1 + @2 — T12912)
for J=VI.

We remark that the Hamiltonians H;(q, p,t,«) (J # II1) in this paper are
obtained from those Hj (A, p, t, k) in [2] by the following change of variables and
constants:

A=¢q, p=p, a=a—1/2
for J =11;
)‘:qv ,U:p/27 Ro = a1, Roo = —Q2



for J =1V;

A=D(@-1)=1, A=Dp+(¢g—1p=—az,

Ko =a1, kt=—(0q+2a2+4a3), Keo =as, n=-1
for J =V,
A=¢q, p=p, Ko=04, Kl =03, Kt=0ay Koo =001
for J =VI and Hrrr(q,p,t, @) is obtained from Hyyp (A, p,t, k) in [2] by
A=t/q, p=—q(qp+a0)/t,

Ko = —2(0[0 + Oq), Koo = 201, Mo =1 = 1.

3.2 Hamiltonians on the other charts

Hamiltonians H; = H;(x;,y;,t, @) on the charts C? x By > (x;,y;,1t) of the
manifolds £, are of the following forms, where z,y are used instead of z;, y;:

1 1 1 1
Hy = §x4y2 + (aoms — thQ — 1) Y+ 50[%902 — 5010“07
1 1 1 1
H = §x4y2 + <a1x3 + itx2 + 1> Y+ ia%xQ + §a1t$
for J =11I;
Hy = 2%+ [—t2® + (ap — a2)z + 1]y — aptz,
H = 2%+ [—x2 + (ap + 4ag + az)z — tly — (g + 209z,
Hy = 2%+ [~t2? + (—ag + an)z — 1]y — astx
for J =111,
Hy = 2%y% 4+ [(dag + 201)2? — 2tx — 1)y + dag(ag + aq)z,
Hy = —2%° 4 4oy + 2a9)zy” + [2tr — 4oy (a1 + az)]y — «,
Hy, = 2%y° 4 [(4ag + 201)x? + 2tx + 1)y + das (a1 + az)z
for J =1V;
Hy = (=2 +2%)y* + [~ + )2 + (=t + 209 + a1 + a3)x + tly — ap(ap + a1z,
Hi = 2y’ + [2° = 200 + ao)taly” + [(t — a1 + az)z + a1 (ar + ao)tly + z,
Hy, = (f:v?’ + xz)y2 + [—(a1 + 2a2)x2 +(t+ a1+ 2as + az)x — tly — az(ag + az)z,
Hy = to*y® + [z — (a2 + 203)t]wy® + [(—t + a1 — az)z + az(az + a3)t]ly —

10



for J =V,

Hy = —2%y*+ (B + ay + 2az)x?y?
+[(2t — 1)z — (3a + 200071 + dapas + g + a3)]zy?
+H{[—(dap + 201 + dag + az + ag)t + (200 + a1 + 209 + a3)]z
+ao(ao + az)(ao + a1 + az)}y
—t(t — 1)z,

Hy = z(x—1)(te —1)y?
—[(ao — Dtz(x — 1) + ar(x — 1)(tz — 1) + azz(te — 1)]y
+ag(ag + ay)tx,

Hs = —2%y* 4 (a1 + 200 + 3a3)2%y®
—[(t = 2)x + (g + 20103 + A2 + 4asasz + 3a2)]|zy
+H{[(ag — aa)t — (1 + 202 + 3as)|x + ag(az + as) (o1 + a2 + a3)ty
+(t — 1),

Hy, = —2%* 4 (a1 + 200 + 3a4)2%y?
—[(t+ D+ (ag + 20104 + a3 + dasay + 3a3)]xy?

2

H{[(q — ag)t + (a1 + 2a9 + as + 2a4)]z + ag(as + ag) (a1 + as + a4) by

—tz,
Hyy = —t®y* + (Baq + 20y + ayg)tz?y?
—[(t+ D+ (3aF + 4aran + 20104 + 3 + agay)t]zy?

+H{[(2a1 + 202 + a3 + ag)t + (1 — a3)]z + a1 (a1 + a2) (a1 + ag + aq)t}y

—ZT

for J =VI.

3.3 A proposition

We study here if the leaf passing through a point on a divisor at infinity of
the original chart intersects the original chart.

We notice that E, is a disjoint union of the original chart C2x B; > (q,p,t)
and a finite number of divisors:

E{]ya = (C2 X BJ)|_|(|_|D1),

where
D; == {(w;,y;,t) €C? x Byr | 2; =0} i=0,1

for J =11,

Dy := {(xi,yi,t) € C? x Byyr | w1, =0} i=0,1,2

11



for J = 111,

D;: = {(l‘i,yi,t)GC?Xij‘in:O} 1 =0,2,
Di: = {(z1,y1,t) € C x Bry | y1 = 0}
for J =1V;
D;i: = {(zi,yi,t) €C? x By | 2; =0} i=0,2,
Di: = {(xi,yi,t) €C?x By | y; =0} i=1,3
for J =V,
D; : {(zi,yi,t) € C? x Byy | ys =0} i=0,3,4,12
Dy: = {(l‘g,gjg,t)EC%XBV]‘xQ:O}
for J =V1I.

We can verify the following proposition by observing the Hamiltonian sys-
tems in the neighborhoods of the above divisors.

Proposition 3.1. In the case of J # VI, every leaf P(Q;t),t € By passing
through a point Q € D; instantly enters into the original chart C?x By, namely,
P(Q;t) € C? x By for every t with 0 < |t — m;(Q)] << 1.

In the case of J = VI, we have

(i) every leaf passing through a point in D;, i = 0,3,4 instantly enters into
the original chart,

(ii) if a1 # 0, every leaf passing through a point in D;, i = 2,12 instantly
enters into the original chart,

(i) if @y = 0, every leaf passing through a point in Dis(x12 # 0) also
enters into the original chart, however every leaf passing through a point on
DU D1o(x12 = 0) stays in it and a leaf passing through a point on Dy(x12 = 0)
instantly enters into Dy. Here D1a(x) denotes a subset of D1y satisfying the
condition *.

4 Proof of Theorem 2

We prove the assertion in the case of J = VI only. The other cases can be
verified similarly. Notice that the left-hand side of the relation in the theorem
for J = VIis C?* x ByrU{gs, —t =0} U{ps, =0} U{gs; — 1 =0} U{qs, =
0} U{gs,s, = 0} and the right-hand side Ey o is C* x By U{yo = 0} U {zs =
0} U{ys =0} U{ys =0} U {y12 = 0} as sets.

We first observe the relation between the chart C?O x By of the left-hand
side and the chart C2 x By of Ev 1. We have

Zo

—t= apg— T , = -,
so Yoo 0Y0),  Pso a0 — Toto

12



or
qso -1

Zo = —Psg [ao + (qSO - t)pso]v Yo = m~

Then we see that, if ap # 0, the divisor {¢gs, —t = 0} corresponds biholomor-
phically to the divisor {yo = 0} in Ey; 4.

By the same way, we can verify that the divisors {ps, = 0}, {¢s; — 1 = 0},
{¢s, = 0}, {¢s,5, = 0} correspond biholomorphically to those {z2 = 0}, {y3 =
0}, {ya = 0}, {y12 = 0} respectively. For example, the relation between the
chart CZISQ X By of the left-hand side and the chart C%, x By of Evr.q is as
follows:

Gs1sa = —Yi2(oa — z12y12) (1 + a2 — T12912),
P _ T12
e (a1 — z12912) (01 + Q2 — T12Y12)
or
T12 = _p5152 (al - QSlsgpslsg)(al + Qg — q8182p8152)7
QSlsg
Y2 = —

(al - QS152p3182)(a1 +ax — qs152p5182).

Thus we have obtained Theorem 2.

5 Proof of Theorem 1 — for J=11,111,IV.V

5.1 Extension of ¢ and ¢,

We first prove that the identity mapping ¢ can be extended to an embedding
@ from E}}f’a into F'j ., where embedding means injective holomorphic mapping
preserving fibers and leaves of the foliations. The assertion is easily verified
by step by step procedure from C2, x By to quﬂsi X Bjws, if the following
fundamental proposition is established, because the divisor Dy s, in C%,,, x
B js; which does not intersect Cfv X B is transversal to leaves by Proposition
2.1 in the case of J # V1.

Proposition 5.1. Let w € W and ¢ : C2 x Bjw — Ejqo be an embed-
ding. If the divisor Dy, s 15 transversal to leaves, then ¢ can be extended to an
embedding from C2, x B into Ej o for every generator s of W.

Proof. We only verify the proposition in the case where J =V, s = s5. We
suppose w(az) # 0 in order that D, s # 0. The other cases can be shown
quite similarly.

We notice that t,, = t for any w € W in the present case. Since qus =

qu +w(a2)/pwsapws = Pw; namely Guw = Quws — w(a2)/pwsva = Pws; the divisor
Dy ws 18 {pws = 0}, and it is transversal to leaves because w(az) # 0. By the

13



hypothesis of the proposition, ¢ is defined for (qus, Pws,t) € C2; X By — {pws =
0}. Therefore we have to define ¢ for every (qus, Pws,t) = (7,0, ).

Let (qus(t), puws(t),t) be the leaf passing through the point (g,0,%). Since
Pus(t) # 0 for any 0 < [t — | << 1, P(qus(t), Pus(t),t) := p(qus (1), pws(t), 1) €
Ey  is defined for 0 < |t —¢] << 1. On the other hand, since the foliation of
Ey 4 is uniform, the limit point P(quys(t), pws(t),t) € Ey,q exists. We define the
point as ¢(q,0,1t).

We can easily verify that the ¢ thus defined is injective.

What we have to prove is holomorphy of ¢. We show it by using p,s as
a local parameter of leaves in stead of t. Take a point (g,,0,%9) € C2, x By
arbitrarily and fix it. In the system tdqy,s/dt = OHy (qus, Pws, t, ws(a))/Opws,
tdpys/dt = —0Hvy (qus, Pws, t, ws(a))/Oqws, we notice that the right-hand side
on the second equation takes the value w(ag)t # 0 on p,s = 0. Therefore the
system is equivalent to the system

dt 1 dqus
5.1 — = ——— + puwsO(1),
( ) dpws w(OZZ) P ( ) dpws

=0(1),

where O(1) denotes a function of s, pws,t holomorphic and bounded in a
neighborhood of (qus, Pws,t) = (4y,0,%0). Denote by t(q, Pws, t)s Quws (G, Pws,t)
the solution of (5.1) satisfying the initial condition #(0) = t,q.s(0) = g. Let
GPO = {(qvasvi) € C2 X BV | |q_60‘7 ‘pws‘v ‘%_EO| < pO}' It is easy to see
that if po > 0 is sufficiently small then the mapping fy from G,, to fo(G,,) C
C2 . x By defined by (quws(@, Pws, )s Pws, t(Q, Dws, ) is biholomorphic. We take
the system (g, pws,t) € G, as a coordinate system of a neighborhood of the
point (g, 0,%y) € C2,x By. In the coordinate system, (g;, p1,%1) and (g, p2, t2)
are on the same leaf if and only if (q;,t1) = (qy, t2)-

Now we show the holomorphy of ¢ o fo : G,, — Ey,,, which is simply
denoted by .

Let B’ C By be a simply connected domain and F’ be the restriction of the
foliation Fy , of Ey,, on E' := 7T‘71(B/). Denoting by P(Q;t),t € B’ the leaf
passing through the point @ € E’, we recall the following facts:

(i) P(Q;t) is holomorphic in (Q,t) € F'.

(i) If @Q1,Q2 € E’ are on the same leaf of F/, then P(Q1;t) = P(Q2;t) for
any t € B’.

We fist notice that o(g, p’,t) = ©(quws(q, P, t), ', t(q,p’,t)) is holomorphic in
(g,t) for any fixed p’ with 0 < |p’| < po. We next verify

90(67]711)37%) = P(SO(@ p/,f);t(q,pws,f)).

Since the right-hand side does not depend on the choice of p’ # 0, we obtain
the equality for p,s # 0 by putting p’ = p,s. The equality for p,, = 0 follows
from the above definition of ¢ for (g,0,7) € C2_ x By. From these and the
above facts (i) and (ii), it follows that ¢ is holomorphic in G,,. Thus we have

completed the proof of Proposition 5.1.
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By the same way as above, we obtain that, for any w € W, the mapping
bw from (qu,Pw,tw) € C2 x By, C Eya to (¢,p,t) € C2 x By C Ejw)
defined by (¢,p,t) = (qw, Pw, tw) can be extended to an embedding from E‘J/Va
into EJ,w(a):

w(EYY) C Epway, weEW.

5.2 Surjectivity of ¢ and ¢,

In the preceding subsection, we have shown that
©(EY,) C Eja 0w(EY,) CEjuw@) weW.

If we take w € W so that w(a;) # 0 for all ¢ by Proposition 2.2, then by
Theorem 2 we have

eu(EY,) D ¢u(C? x By U (UiCL,, X Bruws,) /| ~) = Ejuw(a);

namely ¢, : E};Va — E () 18 surjective and then is an isomorphism. Therefore
the foliation of E}”a is uniform, because that of E () is uniform.

On the other hand, E;, = C?x B;U(U;D;) and every leaf passing through a
point on D; instantly enters into the original chart (Proposition 3.1). Therefore,
by the same argument as in the proof of Proposition 5.1, we have @(Efa) =
Ejq.

Similarly, we can obtain (,, (EEVQ) = Eju(a) for every w € W, which com-
pletes the proof of Theorem 1 for J =11, 111,IV,V.

6 Proof of Theorem 1 — for J=V1
In the case of J = VI, the divisors D, s, in E};E/a and Dy in Fyr, can be

invariant with respect to the foliations, and then more precise study than that
in the preceding section is needed.

6.1 Extension of ¢ and ¢,

We prove here that ¢ can be extended to an embedding ¢ from E\%,a into
Evia: QP(E\‘;'VI,a) C EVI,a-

Since the divisors Dy, s (S # s2) are transversal to leaves by Proposition
2.1, we have only to show that for every w of the form
(6.1) W= W, SawWh_182 - wWiSa, Wi, ..,w, €W wi, . w_, #e

¢ can be extended to an embedding from C2 x By into Ey o, where

W' =< sg,51, 83,54 > .
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We prove it by induction with respect to n in an expression (6.1) by using
the following three propositions, in which we need auxiliary coordinate systems
(T Yw, t) (w € W) defined by

Ty = w(rz) = w(l/q), Yuw =w(y2) = w(q(—az —qp)).

We also introduce a symbol 6,; for w’ € W’ i = 0,1,3,4 defined as follows:
0wri = 1 if s; is a factor of w’ and d,; = 0 otherwise.
We first give and prove the propositions.

Proposition 6.1. Suppose that ww' (o) # 0,ww'(ay) = 0 where w €
W,w" € W', Then {(quww’ sy Puw'sss ) € C?x By | Pwws, =0} = {(Tw, Yu,t) €
02 X BV] | Ty :O}

proof. We obtain the relation of (Guuw sys Pww’se,t) and (X, Yo, t). Since

dwo®o  Ows@z w4t

w'(p) = p- - - ,
(®) q—t qg—1 q
quw = 1/55103 Pw = xw(*w(OQ) - Iwyw)a
we have
Puww'ss = ww'sa(p) =ww(p)
_ _ w(duwro0) _ w(duw3003) _ w(Guwra0ra)
v qw —t Qw - 1 QM)
6 ’ 5 ’
= {Ew(_w(OQ) - xwyw) - w( - OQO)xw - w( ol 3a3)$w — w(éw/4a4)xw
1 —tzy 1—x,

= —zyp{w(ag + dworo + duwzas + dyras)
+xw[yw + w((sw’OaO)t + w(éw’3a3)] + O(xz;)}a

where O(x2) denotes a function holomorphic in (2., ¥w,t) in a neighborhood
of ,, = 0, having 22, as a factor. If §,/; = 0, then

w(az 4 duwoao + durzas + duraoy) = w(w' (az)).
If 0,1 = 1, then

w(g + 0000 + Oz + Oyracis)

= w(ag + duoo + duwzas + dyraay) — ww'(aq) = w(w'(az)),
since ww'(ay) = 0 by the assumption of the proposition. Hence we have
Puw'sy = —Twiww () + Ty [Yw + w(woao)t + w(duwzaz)] + O(x2)}.
We have also an expression of gyrs, as a function of (., yw, t) as follows:

’
() ww (o2
Quw’sy, = 'LUU)’SQ ((]) = wwl(q + ) =quw + 7( )
p Pww’ss
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1 ww'(az)
E a Ty {ww () + TwlYw + w(dwoo)t + w(dwsas)] + O(x2)}
Yw + W(Iyroo)t + w(0yrzaz) + O(2y)
ww' (2) + Ty [Yuw + W(Swoao)t + w(dyzasz)] + O(22)

Then we obtain Proposition 6.1.
Proposition 6.2. Suppose that ww'(as) # 0 where w € W,w' € W'. Then

{(xww’szayww’syt) S Cz X BVI | Tww'sy — 0} = {(wa’vaw'7t) S C?ﬂw’ X
By ‘ Pww’ = O}

Proof. From
ww'(ag)
Quw’ = Quww’sy — y  Pww’ = Pww’sss
Pww’ss
1 /
Quuw’'sy, = ) Puww’ss = Twuw’so (ww (0[2) - xww’SQyww’SQ)a
Tww's,
it follows that
_ Yww’ so
Guw’ - ’ )
ww (042) — Tww’se Yww’ so
_ ’
Pww’ = Tww’'sy (’LUUJ (052) - xww/&yww/@)v

which shows the proposition.

Proposition 6.3. Suppose that wwhssw)(a1) = wwh(ag) = 0 where w €
W, wh,why € W'. Then wwh(ar) = 0 and {(Zww)syw! s> Yww)saw]ssrt) € C* X
By ‘ Lwwhsow! so = O} = {(xww;szvywwéswt) € C? x By | Lwwh sy = O}

Proof. First notice that ww}(ay) = 0 follows from wwh(as) = 0 and

wwh (a1 + ag) = wwhss(ay) = Fwwhssw)(ar) = 0.

Next we obtain the relation between (T wuw) syuw! sy Yww)sow’ sz t) A0 (Twws 55 Yuwwl sz t)-
We have

1
_ _ 2
mwwésgwi” = Qwwt sy 5o P ywaSQwisz = qu£32wg 32pww;52w582 P
2 1
1 2
waé82 — Trput s 5 pww’ZSQ = _xwwé”ywwésy
582
and
%uwészwgsz = waészv
wwys2(u00)  WWhHS2(Guw303)  WwHSa(yracia)
Pww!ssw’ss = Pwwlsy — - - 5
2 1 2
t wa’QSQ -1 qu;SQ

waé@ -
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by the assumptions of the proposition. Then, noting again the assumptions, we
have

xww532w132 = xww;sw

ywwészw; s2 yww’252 + U)’u)/252 (6w'10a0)t + ww/252(6w;3043) + O('rwwész)a
which proves the proposition.

Now we prove the assertion of this subsection by induction. Suppose that
¢ is extended to an embedding from C? x By, into Ey I,a for every w of the
form (6.1) with n < m — 1. Let w be any element expressed as (6.1) where n is
replaced by m. We can suppose w), sg - - - whsaw] (az) # 0, which is the condition
for a new divisor to appear. We can also suppose that w/, ss - - - whssw] (ay) = 0,
because if not the appearing divisor is transversal to leaves. We see that the
appearing divisor {g, € C,py = 0} is equal to {ZTuw: oy-wysy = 0, Y spewysy €
C} by Proposition 6.1. Assume that there exists k > 2 such that

w) 89w (ag) # 0

and let [ be the least of such k’s. Then by using Proposition 6.3 repeatedly, we
obtain that {¢, € C,p, = 0} is equal to {ncw;nSz...wiS2 € C,Yus sowlsy = 0},
which is equal to {qw;nwww; € C,puy, 5w = 0} by Proposition 6.2. Since ¢ is
extended to the chart C? / x By by the assumption of induction, it

w'/rnSZH'w[+182
is also extended to the chart Cfu ' gouw X By because wy € W’. If such
14+152W;

k does not exist, we see that {q, € C,p, = 0} is equal to {z2 = 0,y2 € C},
which is just the divisor D2 in Eyy o. Thus we have proved ¢ is extended to an
embedding from EY; , into Byr .

’
m52 w

We notice that the assertion for general ¢,, is also obtained.

6.2 Surjectivity of ¢ and ¢,

We show that o(EY; ) = Evr,a, namely all divisors D;, i =0,2,3,4,12 are
included in @(EV; ).

Take w so that none of w(a;) and w(ay + ag) vanish by Proposition 2.2.
Then, by Theorem 2, ¢, : E“%,a — Ejw(a) is surjective, namely, an isomor-
phism. Then the foliation of E; , is uniform because that of Ey ;. (a) is
uniform. On the other hand, every leaf passing through a point on the divisors
D;,i =0, 3,4 instantly enters into the original chart by Proposition 3.1, and then
we can verify that these divisors are included in ‘P(E\%,a) by the same argument
as in the proof of Proposition 5.1. We can also verify that Ds, D15 C @(E‘%ya)
if a1 # 0 and D1a(z12 #0) C cp(E‘V/VIa) if &1 = 0. Note that every leaf passing
through a point in D15(z12 = 0) instantly enters into Dy in the case of a; = 0.
Therefore we have only to study the divisor Dy in the case of a; = 0.
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If ay # 0, then ¢(Des,) = Do where D, 5, = {ps, = 0}. Then we study the
remaining case as = a1 = 0. In this case, at least one of «;, i = 0,3,4 is not
equal to 0 since ap + a1 + 200 + az + a4 = 1.

The case ag # 0. We can verify that

Ty = — psosz Yo = (aO - qSoS2pSoSg)2(qSOSQ - t)
Q0 — (spsaPsgs2 ’ 00 + tPsysy — GsgsaPsosa ’

which shows that ¢(Ds, sos,) = D2 where Dy, so5, = {Dsgs, = 0}
The case az # 0. Since

2
To — p3382 y _ (053 - q8382p8382) (q8382 - 1)
Q3 — (s3s55Ps352 Q3 + Psgsy — GsgsaPsgss

QD(D53,5352) = Dy where Dy, sy5, = {p5352 = 0}'
The case ag # 0. Since

To = _%7 Y2 = (Qsyso (Oé4 - QS432p5452)7
Q4 — (sys5Ps459
SD(DS4,S4S2) = Dy where DS4,5482 = {pS4S2 = 0}
Thus we have proved ¢ is surjective and then is an isomorphism. By the
same way, we can prove that ¢,, is extended to an isomorphism ¢,, from E‘J/Va
to Eju(a) for every w € W.
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