ON CONFLUENCES OF GENERAL HYPERGEOMETRIC SYSTEMS

HIRONOBU KIMURA AND KYOICHI TAKANO

ABSTRACT. We extend the well-known results about the process of confluence for the
Gauss hypergeometric differential equation to the case of general hypergeometric systems.
We see that the process of confluence comes from the geometry of the set of regular
elements of the Lie algebra of complex general linear group. As a consequence, we give
a geometric and group-theoretic view on the process of confluence for classical special
functions.

1. INTRODUCTION

Inspired by the works of Aomoto [1] and Gel'fand et al. [7, 8, 9], we introduced in [16],
for any given partition A of n, the general hypergeometric functions of type A\ defined
on the space Z of r x n complex matrices of rank r, where r and n are positive integers
with r < n. They are defined as solutions of the system of partial differential equations
on Z called the general hypergeometric system of type A. Outside the singular locus of
the system, its solution has the integral representation, which is the “Radon transform”
of the character of the universal covering group of the maximal abelian subgroup H, of
GL(n,C) (see Subsection 2.2). In the case where the partition of n is A = (1,...,1),
our hypergeometric function coincides with the general hypergeometric function due to
Aomoto and Gel'fand ([1, 7]), which is a generalization of Gauss hypergeometric function,
whose system of partial differential equations has only regular singularities. In the case
where A\ = (n), the general hypergeometric function has already been defined and studied
in [9] and it gives a generalization of the classical Airy function Ai(z). It is well known
[11] that the Airy function has the integral representation

Ai(x) = L/ e .
2m o
where the path of integration A starts from co in a sector in which integrand is expo-
nentially recessive and goes to oo in another recessive sector (cf. [15]). This integral can
be viewed as a simple example of an oscillatory integral whose phase function zt — ¢3/3
is a deformation of the simple singularity —t*/3 of As-type (cf. [3]). The differential
equation which characterizes Ai(z) as its solution has only one singular point z = oo of
irregular type, unlike the case of the Gauss hypergeometric differential equation. For the
partitions A # (1,...,1),(n), our functions provide generalizations of special functions
of one variable such as Kummer’s confluent hypergeometric function, the Bessel func-
tion and the Hermite-Weber function. In fact, the special functions, Gauss, Kummer,
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Bessel, Hermite-Weber and Airy are obtained as the general hypergeometric functions for
r =2,n =4 in the cases where the partitions of 4 are (1,1,1,1),(2,1,1),(2,2),(3,1) and
(4), respectively. See [2, 4, 10, 11] for the classical special functions mentioned above,
and see also [10, 19] for a relation with the nonlinear integrable systems such as Painlevé
equations and Garnier systems.

For the differential equations of these special functions, a kind of limit process, called
the confluence of singularities, is known, and it enables us to obtain one special differential
equation from another one as illustrated in the following diagram.

Bessel

/ \

(1.1) Gauss — Kummer Airy

N\ /

Hermite

For example, the process of confluence “Gauss — Kummer” is described as follows (cf.
[2]). The Gauss hypergeometric differential equation is

(1.2) r(l—2)u"+{c—(a+b+ 1)z} —abu=0, '=d/dz.

This equation, considered in P!, has three regular singular points of x = 0, 1, co. For the
equation (1.2), we make the change of variable and parameters

(1.3) r=cf, b=1/e.

Then the equation for (£, u) is

2 1 du
d—§2+(c—€(a+€ +1)§>d_§ —au=0.

We see that the coefficients of d*u/d¢?, du/d¢ and u depend holomorphically on e at
e = 0. Taking the limit ¢ — 0 in the equation (1.4), we obtain the Kummer’s confluent

(1.4) §(1—€f)

hypergeometric equation

d? d
d—;;—i—(c—{)d—z—au:o.

Notice that by the change of variable (1.3) the singular points z = 0,1, 00 of (1.2) turn
into the singular points £ = 0, 1/¢, 00 of (1.4), respectively, and that, as € tends to 0, the
singular points £ = 1/e and £ = oo approach to each other and are amalgamated into
the irregular singular point £ = oo of (1.5). The name “confluence of singularities” comes

(1.5) §

from this phenomenon.

It is natural to ask if one can extend the “process of confluence” to the general hy-
pergeometric system and if one can understand the geometrical meaning of the above
classically known process for the Gauss differential equation.

So the objective of this paper is summarized as follows:



ON CONFLUENCES OF GENERAL HYPERGEOMETRIC SYSTEMS 3

e To construct explicitly the limit process by which all the general hypergeometric
system for various partition A # (1,...,1) can be obtained from the system of
type A = (1,...,1). We call this limit process the process of confluence.

e To clarify a relation between the geometry of stratification for the set of regular
elements of the Lie algebra gl(n;C) and the process of confluence for the general
hypergeometric system.

Indeed, our construction will give directly the process of confluence of singular points
of the Gauss hypergeometric equation to Kummer’s confluent hypergeometric equation
(117).

In order to realize our purpose, we need to enlarge slightly the class of systems of
hypergeometric type given in [16] so that we can consider the systems associated with
centralizers of regular elements of gl(n,C), not only the systems associated with the Lie
algebra by (see Definition 2.1).

This paper is organized as follows. In Section 2 we give the definition of the general
hypergeometric systems on Z, each of which is determined by the centralizer b, of a
regular element b € gl(n,C) and a weight « of h,. We also recall results on the integral
representation of its solutions. In Section 3 we recall results on a stratification in the
set B of regular elements of gl(n,C) and describe explicitly the relation of adherence
among the strata of B and the properties of each stratum. In Section 4, we give key
lemmas, which will be proved in the last section. We study in Section 5 the relation of
adherence among the centralizers b, (b € B) in an explicit way. This explicit construction
yields a process of confluence among the general hypergeometric systems (Theorem 5.3).
Thus we see that the process of confluence among our systems is nothing but the explicit
realization of the relation of adherence among the strata of regular elements of gl(n,C)
and among the maximal abelian Lie subalgebras which are defined as the centralizers
of regular elements. In Section 6, we shall show that the process of confluence for the
general hypergeometric systems also provides the confluence on the level of integrands
of the integral representations. In Section 8, we discuss the process of confluence for
the special differential equations in (1.1) and for Appell’s hypergeometric system (F}) in
detail in the framework of general hypergeometric systems using Theorem 5.3. Parts of
the results of this paper have been announced in [17].

We thank the referee for valuable comments for the improvement of this paper. We
thank also Professors M. Noumi and T. Sasaki for helpful discussion with them. The
first author thanks Professor F. Pham and the members of Université de Nice for their
hospitality during his stay in Nice. A part of this paper was written in Nice.

2. GENERAL HYPERGEOMETRIC SYSTEMS

In this section, we reformulate general hypergeometric systems for centralizers of regular
elements of gl(n,C) and their weights.

2.1. Hypergeometric systems. Let b € gl(n,C) be a regular element, namely, the
dimension of its centralizer {X € gl(n,C) | [b, X] := bX — Xb = 0} is equal to n, the
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rank of gl(n, C). If b has [ distinct eigenvalues b, ... ¢~ of multiplicities Ao, ..., \i_1
with A\g > A1 > --- > X1 and \g+ --- + A\;_1 = n, then it is expressed as

(2.1) b= (Adg) (0, +Ay) @@ (VL + Ay )
for some g, € GL(n,C) and its centralizer, denoted by by, is given as

by = (Adgp) (i(Xo) ® - D j(Ni-1)) -

Here, for any positive integer m, I,,, denotes the identity matrix of size m, A,;, = (0i11,5)o<i j<m
is the shift matrix of size m and

j(m):{ Z N ‘ ZL‘Z‘EC}.
0<i<m

We consider the sequence A := (Xg,...,\_1) as a partition of n and denote by Y,, the set
of partitions of n. For A = (Ag,..., N—1) € Y,,, we call [ the length of A and denote it by
¢(\). Let B be the set of regular elements of gl(n, C) and By, for A = (Ao, ..., \_1) € Yy,

the subset of B whose element has [ distinct eigenvalues of multiplicities A, ..., A\j_1.
Then
(2.2) B = |_| B (disjoint union).

AEY,

If we use the notation

(2.3) br:=i(Xo) & - B (A1),
then we have

by = (Ad g)ba.
Note that by = b, when g, = I,,.

Now let r and n be positive integers with » < n and Z the set of r X n complex matrices
of rank 7. We denote by z = (2;j)o<i<r0<j<n the coordinates of Z, and by 0, = (0;;) the
matrix whose (i, j) entry is the partial derivation 0;; := 0/0%;;.

Let b; be the dual space of b, and (-, -) the canonical bilinear pairing b; x b, — C.

Definition 2.1. For a regular element b of gl(n,C) and « € b; satisfying the condition
(2.4) (a, I,) = —,
the following system of partial differential equations

Lxu:={Tr(2X'0.) — {a, X)}u=0, X € by,
(2.5) Myu :=Tr(Y2'0, +Y)u = 0, Y € gl(r,C),

Oiir jyu = {0,050 — 0iy O }u=0, 0<4,i<r, 0<jj <n

is called the general hypergeometric system associated with («, by) (GHG system for short).
Let Clz;;,0;; (0 < i < 1,0 < j < n)] be the Weyl algebra and Z(c; by) its left ideal

generated by Lx (X € b,), My (Y € gl(r,C)) and Oy j; (0 <i,7" <r,0<j,j <n). We
often identify the system with the left ideal Z(«; by).
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Remark 2.1. (2.4) is a compatibility condition of the system. Indeed, if X = I, and
Y = I, in (2.5), the equations Lyu = 0 and Myu = 0 coincide with each other and then
(a, 1) = —=Tr(I,) = —r.

Remark 2.2. The equations Lxu = 0 and Myu = 0 imply that a solution u(z) of (2.5)
satisfies
u(zexp(tX)) = u(z)xp(asexp(tX)), X € by,
u(gz) = det(g " )u(z), g € GL(r,C),
where (0 -) is that defined in (2.8). The third equations Oy j;;u = 0 of (2.5) are those

of ultrahyperbolic type used in characterizing the range of Radon transform, see [6], [12]
and [13].

Remark 2.3. The system (2.5) is a holonomic system on an Zariski open set of Z. The
dimension of the solution space at a generic point of Z is conjectured to be (’Z:f) This is
true for the system with b of type A = (1,...,1),(n) and any r > 2. It is also true in the
cases r = 2 with b of any type .

2.2. Integral representation. The GHG system Z(a;b) for b € B and o € bh; has
solutions given by definite integrals whose integrand is expressed in terms of a character
Xo(a; ) of the simply connected Lie group H, of the Lie algebra b,, where the character
is determined by the following commutative diagram:

I:Ib xb(0s) o
logj/ Texp
by — C
We give here explicit expressions of the character and the integrand.

For any b € B, given by (2.1) for some g, € GL(n,C), we define H,, a maximal abelian
subgroup of GL(n,C), by

Hy = (Adgp) (J(Ao) X -+ x J(Ni-1))
where J(m), for any positive integer m, is the matrix group
J(m) = {h = 3 hi, ] hi € C, ho # o} c GL(m, C),
0<i<m

called the Jordan group of size m. Then H, is a Lie group of b, and its universal covering
group coincides with H,. Corresponding to (2.3), we use the notation

Hy :=J(Xo) X - x J(N_1).
Then
Hy, = (Ad gy)H,
and H, = H), when ¢, = [,,.
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Let us obtain an explicit expression of the character y,(«;-). Suppose first g, = I,,. In
this case, we also denote y,(c; -) by xa(e; -). Since Hy is a direct product of J(\;), 0 <
k < £(\), we suppose further A = (n).

Here we introduce functions 6;(z), ¢ > 0, of infinitely many variables z = (2, 21, ...)
with z; € C, 7 >0, z 7§ 0, defined by

(2.6) Z 0;(2)t" = log Z Zit!) = log(zo) + log(1 + Z(z /20)t)

as formal power series of ¢, where log 1 = 0. Notice that 6y(z) = log 2z and each 0;(2), i >

1, is a weighted homogeneous polynomial of z; /2, . .., z;/2o of weight i, where the weight
of 21 /z is defined to be k.
Now let h =", hil\}, € J(n) and a € bf,)- Then we have

log h = log ( > hiA;> = (log ho)1,, + log (In + > (b /hO)A;)

0<i<n 1<i<n
= (logho) L+ Y _ Oi(ho, ..., hi)AlL,
1<i<n

because A’ = 0 for any i > n. Hence, setting

(2.7) a; = {a, AL), 0<i<mn,
we obtain
X(n)(c; h) = exp ((a,log h)) = exp < Z 0;(ho, . . ., hi) ! >>
0<i<n
= exp ( Z a;0;(ho, . .. ,hi)> = hg° exp ( Z a;0;(ho, . .. ,hi)> )
0<i<n 1<i<n
Therefore the character of H, for any A = ()\0, ..y A-1) € Y, and « € b} is given as
xX(as h) H X k)) h € H,,
0<k<l

where a®) := alj,) and h*) € J()\;) is the k-th component of h.
For a general b € By where g, # I,,, we have since b, = (Ad g,)b, and H, = (Ad gy) H,

(2.8) xs(a; h) = xa((Ad gy)*a; (Ad gy)'h), h € H,

where (Ad gy)* : b — b3 is the dual of the isomorphism Ad g, : hy — by.

In order to give an integrand of integral representations for solutions of the GHG
system Z(a; b,) (b € B)), we introduce an injective mapping ¢, from H, to the space of n
dimensional row vectors: ¢, : H, — C™. In the case of g, = I, 1) := 1 is defined by

0 0 -1 l 1
() = (b, B RS TY RY)

for h = Go<k<r Y o<icn, hl(-k)Af\k € Hy. For a general b € By where g, # I, it is defined
by
Ly = R

9b

1 Oty O (Adgb)_l,
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where Ry, denotes the right multiplication operator by g,. Notice that ¢,(Hp) = ([ [o<j (C* X

C*~1))g, . This mapping can be lifted to a biholomorphic mapping from H, to the uni-
versal covering space of ([]y<po(C* x C*71))gy ! which is also denoted by the same
symbol ¢,. In the same way, we define a bijective mapping denoted also by ¢:

Ly hp — C" = (@ (C’\’“>gb_1.
0<k<l
Notice that for any row vector s = (sg,...,8,-1) € C" and h € H,, it holds that
1, (sh) = 1,1 (s)h.
From this and the fact that x,(«;-) is a character, we obtain
xo(a; 05 (tzh)) = xo(a; 151 (t2)) - xo(a; h), b € Hy,
Let 7 be the (r — 1)-form in r dimensional complex affine space defined by

7= (~Ditdto A Adt A Aty

0<i<r

then the (r — 1)-form x;(a; ¢, ' (t2)) - 7 is invariant under the homothety ¢ — ct (c € C*)
by virtue of (2.4), and hence it defines a multivalued complex analytic (r — 1)-form on an
open submanifold of 7 — 1 dimensional complex projective space. This xp(c; ¢, ' (t2)) - 7
is the integrand of integral representations for the system Z(a; by), namely integrals

u(z) = Pp(as 2) := / X (o Lb_l(tZ)) T

A(z)

for various twisted cycles A(z) give solutions of the system Z(a;by).

3. STRATIFICATION OF REGULAR ELEMENTS AND CONFLUENCE OF GHG SYSTEMS

In the following part of this paper, we study confluence process of GHG systems and
integral representations of solutions of the systems. In this section, we give an outline.

3.1. Stratification of regular elements. We first define a relation in partitions of n.

Definition 3.1. We say that € Y, is adjacent to A € Y,, and write as A — p if

(1) ¢(p) = €(X\) — 1, where £(-) denotes the length of a partition,
(2) there exist 0 < j < £(p), 0 < jo < j1 < £(A) with p; = Aj, + Aj, such that
{Mk}0§k<€(u),k;£j = {/\k}0§k<£()\),k7&jl7j2 as set.
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For example, the adjacent relations among the elements of Y, are given by
(2,2)

/ N\
(1,1,1,1) —(2,1,1) (4).

(3,1)

Compare the diagram with that of classical hypergeometric and confluent hypergeometric
equations in Section 1.

Now recall B and B, and the decomposition (2.2) of B. We notice a well-known fact
that (2.2) defines a stratification of B in the sense that each B, is a complex manifold of
dimension n? —n + £(\) and

(3.1) By=||B.

759

where B, is the closure of By in B with respect to the usual topology of B and p < A
means that there is a sequence X', \”, ... of partitions of n with A = X — X' — -+ — p.

3.2. Outline of confluence process of GHG systems. Let © € Y, be adjacent to
A € Y,. Then, for any b € B, (3.1) says that there exists a sequence of points in B)
which converges to b.

We will realize this limit process by constructing a family of mappings o. (¢ # 0)
from B, to Bj so that o.(b) is holomorphic in ¢ and lim._,go.(b) = b for any b € B,,.
Notice that, for fixed b € B, ¢ — 0.(b) defines a complex analytic curve in By which
tends to b as ¢ — 0. We will next construct a Lie algebra isomorphism V. from b, to
Bo.v) for b € B,. Let UX be the dual isomorphism of ¥, and consider GHG system
Z((U%) Y a); ho.)) of type A for any « € b; with («, I,) = —r. It will be proved that the
system Z((UZ) "' (); ho.)) converges to the system Z(w;bh,) and integrands of integral
representations of solutions of the system Z((¥*)™'(«); b, () converge to those of the
system Z(a; by) as e — 0. We note that the process reduces to the classical one in each
case of r =2, n =4.

3.3. A fibration structure of each stratum of B. In this subsection, we give a fibra-
tion of each stratum of B in order to understand more clearly the mapping o. : B, — B,
which will be given in Section 5.
Let Y be a copy of C" and F' : B — Y a mapping which sends b € B to F(b) =
(Fy(D), ..., F,(b)) € Y, where
det(sI —b) = s™ — Fy(b)s" ™' + -+ (=1)"F,(b).
For A = (Ao, ..., An-1) € Yy, set Fy := F|p, and

Y)\ = F(B)\)



ON CONFLUENCES OF GENERAL HYPERGEOMETRIC SYSTEMS 9

We can verify that Y, is an [ dimensional complex submanifold of ¥ and hence the
decomposition Y = LI,Y) gives a stratification of Y. Fory € Y, let al®(y), ..., a"™=D(y)
be the distinct roots of

tn . yltn_l + ygtn_Q et (_1)nyn _ O
of multiplicities A, ..., Agn—1 and set
(3.2) sx(y) = @ (@™ () Ix, + Ax).
0<k<t(N)
Then s,(y) is in Fy '(y) and the fiber F} ' (y) is the G-orbit O(sy(y)) of sx(y) with respect
to the adjoint action of G := GL(n,C) on gl(n,C) and hence
Fy'(y) = O(sa(y)) = G/H,.

It is easy to see that the mapping F) := F|g, : By — Y) defines a locally trivial complex
analytic fibration and we can take a holomorphic local section of the form (3.2).

4. KEY LEMMMAS

In this section, we give lemmas which will play an essential role in constructing the
mapping o. : B, — B, and the Lie algebra isomorphism V. : b, — b, ) for b € B,,.

We first consider a simple case. Let p and ¢ be positive integers. We introduce a matrix
g(e) € GL(p + ¢q,C) depending holomorphically on € € C* given by

_ (I, Gufe)
(@) o= (7 629)
where the p x ¢ matrix G2 = G12(¢) and ¢ X ¢ matrix Gos = Gaa(e) are defined by
00 ()
(4.2) Gz = Dypyq(e) (0) (1) (q.l)
G22 : :

G I G IR (O
D,,(¢) (for any positive integer m) denoting diag(1,¢,&2,...,e™!) and ( ) denoting the
binomial coefficient which is equal to 0 if 7 < 7 by the usual convention. We remark that
det g(¢) = €P? and then g(¢) is nonsingular if € # 0.
Now, for any X =37, T\, € Bpig), we define X(e) € (Adg(e))hp.q) as follows:

DQ<€_1)7

(Wo(€), -+ Yptrq-1(€)) == (20, . . ., Tptq—1)9(€),

(4.3) Y(e) = (Z yi(e ) ( Z yi(e ép> € b

0<i<p p<i<p+q
X(e) = (Adg()Y (0)
By using the notation introduced in Section 2, we can express it as
X(2) = (Adgle)) 0 15 © Ryto) © tgpe)(X).

Then we have
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Lemma 4.1 (Key lemma 1). For any X € hpiq), X(€) € (Adg(€))bp,q is holomorphic
in € in a neighborhood of ¢ = 0 and

lim X (e) = X.

e—0

The proof of this lemma will be given in Section 7.

We next give a lemma of more general form, which is an immediate consequence of
Lemma 4.1. Let ¢ € Y, is adjacent to A € Y,, with p; = A\;; + A, for some 0 < j <
l(p), 0 < jo < j1 < £(N\). Then we have a permutation p of the set {0,1,...,1 — 1}
(I :=£(X)) defined by

(/\0(0)7 cee 7)‘9(1*1)) = (MOv s -1, >‘j17 )‘jznuj-i-l? s >Iul—2)'
Let g, € GL(n, C) be a permutation matrix determined by
(PO Pt=Dyg — (@ D)

for any row vector (s(©, ..., s¢=1) € C", where s = (sék), . 75&?—1) ceCM* 0<k<l
We define a matrix g)_.,(¢) € GL(n,C) by
(4.4) Irnu(e) = (Iuo+-~~+/~éj—1 @ g(j)<5) ® Iuj+1+~~+uzfz)gm

where g (g) € GL(u;; C) is the matrix determined by (4.1) and (4.2) with p = \;, and
q=A\;,. For X € b,, we define X (¢) by

X(e) = (Adgr_pn(e)) o L;\l © Rgxﬁu(f) 0 1,)(X).
Then we have

Lemma 4.2 (Key lemma 2). For any X € b,, X(¢) is holomorphic in ¢ in a neighborhood
of ¢ = 0 and satisfies
lim X (¢) = X.

e—0
Proof. Suppose X = @o<per1 X* with X® € j(uz). We can verify that
X(€) = Bosrgg1 XD @ (AdgP (@) 0 135, ) © Ry © 06 (X)) Bpprsicioa X,

Then the lemma follows from Lemma 4.1. O

5. CONFLUENCE OF GHG SYSTEMS

5.1. Convergence of regular elements and Lie algebras.

Theorem 5.1 (Convergence of regular elements). Suppose that A\ — p, A,u € Y,
namely, p is adjacent to X. Given b € B, with b € (Ad gy)b,,, let

0:(b) :== ((Ad gpgr—pu(€)) o L;l 0 Ryy () ©Lp© (Ad gb)il)(b%

then o.(b) is an element of By N (Ad gygr—p(€))bha for any fized € with 0 < |e| << 1,
holomorphic in € in a neighborhood of € = 0 and satisfies

(5.1) lim 0. (b) = b.
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Proof. Let jij = \j, + A, for 0 < j < £(pn),0 < jo < ji < £(N), and let ... ¢~ be
{(p) distinct eigenvalues of b of multiplicities p, . . ., feu)—1. Then we have

¢ = (Ad g) "' (b) = Bo<per(uy (b L, + Ay,
Set [ = ¢(\) and
(567 (2)s - By () s (E), B (€)= (R e 0 1) (€).
Then we see that
b (e) = b, b ) =1, ¥ (e) =0, 2<i< M\, 0< k <1,k % ju, jo,
b5 (e) = b, bV (e) =1, bY€) =0, 2 <i< Ay,
0 (e) =9 1e, B (e) =1, 0P (e) =0, 2 <i< Ny,

Hence (1) o Ry, ,.(e)°tu)(c) is of Jordan’s normal form with [ distinct eigenvalues bk (k £
1, 42), B9 b9 + ¢ of multiplicities Ay (k # j1, j2), Ajy, Ay, for 0 < || << 1, which implies
o.(b) € By. The property o.(b) € (Adgygr—u(€))hn follows from its definition. The
equation (5.1) is derived from b = (Ad g;)c and

lim((Ad gru(2) 0 13" 0 Ry, 0 0 1)) = ¢,
which is verified by Lemma 4.2. U

Theorem 5.2 (Convergence of Lie algebras). Let b € B, and o.(b) be those given in
Theorem 5.1, and let X — p. For any X € by, define V.(X) by

U (X) = ((Ad gogr—u(€)) 0 13" © Ry, (0) © 1 © (Ad go) 7 )(X).
Then V. is a Lie algebra isomorphism from by to b, ) satisfying

(5.2) limW.(X) = X, X &b,

Proof. As in the proof of Theorem 5.1, we can verify that W.(X) € (Adgygr—,(€))bn,
which imples V. (X) € b, ) and (5.2). Since W, is a linear isomorphism and both b, and
Bo.(») are abelian, it is a Lie algebra isomorphism. O

It would be better to explain how we understand the construction of o.(b) in Theo-
rem 5.1 in the picture of fibration structure F) : By — Y, for the stratum B, of the
stratification of B explained in Section 3.

Let us restrict ourselves to the case where A = (p,q),n = (n) = (p+¢) and b € b, is of
Jordan’s normal form

b=b"1, + A,

First we formed
be 1= (13" 0 Ry, (0 0 1) (b) = (WL, + Ap) @ (B + €)1, + Ay).

For any € # 0, b, is a regular element belonging to By. Let yo = F(b) € Y, and y. =
F(b.) € Yy (g #0). Then y. defines a holomorphic curve € — y. in Y, which tends to
Yo € Y, as € — 0. But b, which is a lift of the curve y. and defines a holomorphic curve in
By, tends not to the regular element b but to a subregular element (b1, +A,)® (bW I,+A,)
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FIGURE 1. Curve o,

as e — 0. So we move b, in the fiber F~!(y.) by twisting it by the action Ad gx_,(¢). This
process defines a desired holomorphic curve € — o.(b) in B, which is a lift of holomorphic
curve € — ¥, in Y) and satisfies (5.1) (see Fig.1).

Theorem 5.2 says that the same limit process works well not only for a regular element
b € B, but also for any elements of Lie algebra b, obtained as a centralizer of regular
element b € B,,.

5.2. Conflucence of GHG systems. Let U : h;(b) — b be the dual isomorphism of
U, : by — h,.5)- Then we have the following theorem, which is the first main assertion
of this paper.

Theorem 5.3 (Confluence of GHG systems). Suppose p € Y, is adjacent to X € Y,,.
Given a GHG system Z(o;by) for b € B, and o € by with («,1,) = —r, consider the
GHG system Z(a(g);ba), where
a(e) = ((Adgogr—u(€))” o (¥7)7")(a) € b}
Then the change of variables
z = wghgr—pu(€)

transforms the system Z(a(e); hy) in z to Z((V:) ™ (); hoov)) in w, namely,
(Rigygrien-1): Z(a(e);hx) = Z((¥) () bo. )
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and

lim Z((95)7 (@) b)) = Z(r: )
in the sense that a set of generators of the ideal Z(a;hy) are obtained as limits of a set of
generators of Z((W:) M (a); by (o)) as e — 0.

Remark 5.1. In the case where r =2,n =4, A = (1,1,1,1) and p = (2,1,1), the theorem

with g, = I reduces to the confluence process from Gauss to Kummmer explained in

the introduction. Indeed, the system Z(3;h,) with 8 € b}, (5, 1,) = —2, the change of
variables and parameters z = wgx_,(¢), 3 = a(e), the system Z((¥%)"!(a); by, r)), and

the system Z(«; by) reduce to (1.2), (1.3), (1.4), and (1.5), respectively (see also Section

8).

In order to prove the first part of Theorem 5.3, we first show the following lemma.
Lemma 5.1. Let b € By and a € b} with («, I,) = —r. Then, for any g € GL(n,C), the
change of variables = = wg transforms the system I(c; by) in z to the system Z((Ad g~)*(@); bh(aagp)

m w, namely,
(Rg=1)+ Z(e; ) = Z((Ad g™")*(@); hraagp)-
Proof of Lemma 5.1. Recalling that 0, and 0, are the matrices whose (i, j) entry is 0/0z;;
and 0/0w;;, respectively, we have
taz = g_l taw‘

Therefore the mapping R,-: takes the generators Lx (X € b,), My (Y € gl(r,C)) and
O;ir j; of the ideal Z(hy; ) to

(Ry-1)Lx = Tr(wgXg " 'dy) — (a, X)

= Tr(w((Ad g)X) ') — ((Ad g~ " *a, (Ad g) X),
(Ry-1)«My = Tr(Ywgg "0, +Y) = Tr(Yw'd, +Y),

and
(5.3) (Rg-)+Div gy = > (g7 inlg Viw — (97w (9™ ) vk) Ous i Ouwirns
k!
Hence it is sufficient to show that the elements (Ry-1).Di ;0 (0 < 4,4 <r,0<4,5 <n)
generate the same ideal of the Weyl algebra on Z as
Ouiir jjt = Ow,ijOw,irjr — Ow,ijrOwiry, 0 <id,d" <10 < g, 5 <.

Take arbitrary indices a,a’(a # a'). Multiplying both sides on (5.3) by ¢4;9.;» and sum-
ming them up with respect to j, 7/, we have

Zgajga’j’<Rg*1)*Dii’,jj’ = Z(5ak5a'k/ - 5ak’6a’k)8w,ikaw,i’k’

IRT k!

= aw,ia@w,i’a/ - aw,ia’aw,i’a - Dw,ii',aa"
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0

Proof of Theorem 5.3. Since the first half of the theorem is obtained by Lemma 5.1, we
have only to show the second half.

As generators of the ideal Z(a;by), we take Lx (X € b,), My (Y € gl(r,C)) and
Oiivjjr (0 < 4,i" < 7,0 < 4,5 <n). Since the mapping V. : b, — b, is a Lie algebra
isomorphism, we can choose, as generators of the ideal Z((¥*)~(c); h,. (1)), the elements

Lx(e) = Tr(2We(X)'0:) — (We(X), (¥2) " (a)), X € by,

My, Y € gl(r,C) and O,y -, 0 <4,7" <0 <7, j" <n. Therefore it is sufficient to show
that
lim Lx(E) = Lx, X € []b,

e—0

and this follows from lim. o V.(X) = X (Theorem 5.2) and the trivial equation
(U) (@), T (X)) = (o, X).

S

6. CONFLUENCE OF INTEGRAL REPRESENTATIONS

6.1. Convergence of integrands. In this section, we show that the process of confluence
of GHG systems given in Section 5 can be lifted to the convergence of integrands of integral
representations.

Let A\, € Y, such that p is adjacent to A. For b € B,, we define an isomorphism
Ve - ]:Ib — ]:Igs(b) so that the following diagram commutes

]:Ib L ﬁoa(b)

logl llog

v,
by —— bo.),

namely,
e(h) = (log) ™ (V.(logh)), h € Ho -
We first note
Theorem 6.1 (Convergence of Lie groups). Suppose X\ — p. Then, for any h € H,, we

have

lim . (h) = h.

e—0

Proof. Take X € b, such that X = logh. Then, by Theorem 5.2, we have
lim o (h) = lim(log) ! (V-(X)) = log ' (X) = h.

Concerning a character x,. @) of ﬁga(b), we notice the following trivial property.
Theorem 6.2. For any h € H, and o € by, it holds that
Xou () (WD) 7H(@); ¥e(R)) = xolash), 0 <e| << 1.
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Proof. Let X =logh € h,. Then we have

Xo(ash) = exp({a, X)), Yo ((P2) 7 (@) ¢=(h)) = exp({(T2) ' (), Te(X))).
Hence the theorem is derived from ()~ (a), U (X)) = (o, X). O
Now we give the following theorem, which is the latter part of our main assertion of
this paper.

Theorem 6.3 (Convergence of integrands). Suppose that X — p, b € B, and a € bj.
Then we have

(6.1 lim o ) ((92) 7 (@)i 15 (16(h)) ) = X h)
for any h € H,, and hence we have
lim o) ((22)7 (@): 1, (82)) = ol (12).
Remark 6.1. We remark that in Theorem 6.3
Yout (2271 (@)s 1) ((R))) # ol 1)

for general h € H,. This fact does not contradict Theorem 6.2, because L;:(b)(Lb(h)) +
1(h), although

(6.2) 2 ((R) = Bo(R) (I, + O(e)).

We omit the proof of (6.2), since it can be verified by the same argument as in the next
subsection.

6.2. Proof of Theorem 6.3. We first show a lemma which will be used in proving
Theorem 6.3.

Lemma 6.1. Let © = (xg,x1,...) and let y(x,t) = (yo(x,t),y1(z,t),...) be a sequence of
formal power series of t defined by

4+ k
yi(w,t) = Z (Z—; )$i+ktk, 1> 0.
k>0
Then we have
i+ k & )
ei(yﬂ(mat)>yl(x7t)a"') :Z ]{7 9i+k($05x17"'>t ) [/ 207
k>0

where 0; are functions defined by (2.6).
Proof. Denote by f(z,t) the formal power series ), -, zxt". Then

yi(w,t) = (1/i1)(d/dt) f(w,1).
Therefore, we have
P, 1),8) = S/ @/t £, )5 = @0 (o 0) = fo,t+ 5).
i>0
By expanding both sides of log f(y(z,t),s) = log f(x,t + s) into formal power series of s,
and by comparing the coefficients of s?, we obtain the desired result. 0
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Proof of Theorem 6.3. Let p; = X\j; + Aj, for 0 < 5 < l(p), 0 < jo < 51 < £(X). Since
o.(b) € (Ad grgr—.(€))ha, we have
Xo.) (P17 (a); 15y (16(R)))
= Xa((Ad goga—pu(€))"(P2) ™ (a); (Ad gogr—(€)) ™ty (1s(R)).
We can verify that
(Ad g9 (=))" o (¥2)7)(0) = (£ (Ad g)" (),
(Adgoga (€)™ 051 (1)) = ((f2) o (Ad g) ™) (h),
where
fo = L;l o Ry, .(e) © Ly-

Notice that by the same letter f., we express an isomorphism f. : b, — b, and a mapping
fe : H, — Hy. We have also

xo(ash) = x.((Ad go)*(a); (Ad gs) ' R),

since b € (Ad gy)h,. Therefore (6.1) is equivalent to
(63) lm xa (/)" (@): £ () = xalas )

for any o € by, and h € H,. Set N := (\j,,)\;,) € Y, 1= () € Yy, @ = aljy,) and
denote by A’ € J(y;) the j-th component of h € H,. We also set f’:= 1, o Ry © Ly
Then we can verify

XA (@) fo(B) [xalas h) = xo ((F7)*(); FL(B) e (@5 ).

Therefore we have only to prove (6.3) in the case where A = (p,¢) and p = (p + ¢) with
p+q=n.
Hereafter we suppose A = (p,q),u = (p+¢q) = (n) and f. = ;' o Ry, (s © L. For

h = Z:()Si<10+q hil\j, 14> PUL

Fo(h) = () hie)Ay) @ (Y hi(e)A)).

0<i<p 0<i<q
We notice that h}(c) = h;, 0 <i < p and
i+ k :
(6.4 @ =3 (1] et 0si<a

For a € by, set
a; :z(a,A;ﬂ), 0<i<p+yq,
aj(e) =((fZ1) (), A, ® Oy), 0 <0 <p,
aj(e) ==((f21)(a), 0, ®Ay), 0< i<y,
where O, and O,, are zero matrices of size ¢ and p, respectively. We see that

(6.5) (ag(e), ... an(e),aq(e), ..., ay(e)) ‘gran(e) = (an, ..., pig)-
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Therefore we have

(6.6) log xa((f=))*(a = Y al(@)i(ho b, )+ D ol (©)0:(hi (), h(e), ...
0<i<p 0<i<q
From (6.4) and Lemma 6.1, it follows that
+ k
(6.7) 0;(hy(e),hl(e),...) = Z (Z—; )0i+k(h07 hi,..)eb 0<i<aq.
k>0

Substituting (6.7) into (6.6), we obtain

logxa= <a;(a)+ > (;>ag(5)€ik> 0:(ho, by, . ..)

0<i<p 0<k<gq
? ,
+ Z ( > (k:) ag(f)gz_k> 0i(ho, b1, ...) + O(e).
p<i<p+q \0<k<q

Here we notice that the relation (6.5) means

ai(e) + Z (;) af(e)e*F =a;, 0<i<p,

> (;) aj(e)e ™ =i, p<i<p+aq

0<k<q
Therefore we get
log Xa((f2 1) (@); fe(h)) = Y aibli(ho, hus...) + O() = log x,u(as h) + O(e).
0<i<p+q

Thus we have completed the proof of Theorem 6.3. O

7. PROOF OF LEMMA 4.1

Denote by A the p x ¢ matrix whose (,7) entry (0 <i<p, 0<j <q)is (;) and by
Ay the g X ¢ matrix whose (i, 7) entry (0 <i,7 < q) is (p;”) Then we have

(7.1) (;12 = l)p(6)14121)q(8_1), (;22 = 6pl)q(8)14221)q(€_1).

Set

(7.2) Yy = Z yi(s)A; (: Z xiA;> , Yoo = Z yi(g)AZ_P.
0<i<p 0<i<p psi<ptq

Then

Yii (—Y11Gi2 + G12Y22)G2_21)
Adg(e))Y(e) = _ .
(agenye = (T CTuGer Cul

We first obtain lim. .o GoyY22Gos . From (4.1), (4.2) and (4.3), we have

e X wenr X% (5 Yo

p<i<p+q p<i<p+q 0<k<p+q
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Then, from e™"*PAL7 = Dy(e)A; P Dy(e71), it follows that

(7.3) Yoo = Dy(e) Z xkgkUq + Aq>k Dq<571)-

0<k<p-+gq
By (7.1) and (7.3), we have
(7.4) GGy = Y wxe"Dyle) Ana(I, + Ag)F Azt Dy(e™).
0<k<m
Denote by A the ¢ x ¢ matrix whose (¢, 7) entry (0 <i,j < q) is (;) Then we notice
that A is a lower triangular matrix with the diagonal entries 1 and its inverse A~! is the

matrix whose (i, 7) entry is (—1)" (;) (cf. [5], pp465-466). Notice also that, for any
integer m > 0, we have the identity

(7.5) Allg+ A" = <(Z j;m>>ogi,j<q’

which can be seen by virtue of (;) + (511) = (TJ{I). In particular, we have

(7.6) Agy = A1, + Ay)P.
By (7.6), we have Ag(I, + A ) Ay = A(I,+A,)*A~L. Noticing that both A and A~ are
lower triangular matrices with diagonal entries are 1, we see that Agy (I, +A,)* A5, is the

matrix whose entries of the m-th upper diagonal (m > k) are all zeros and those of the
k-th diagonal are 1. It follows that

GnYnGy = Y ap[A+0(e)] — > aphl
0<k<p-+gq 0<k<gq

as ¢ — 0.
We next compute lim,_o(—Y11G1a + G12Y22)Go . By (7.1), (7.2) and (7.3) together
with the relation A¥D,(e) = "D, (e)A}, we have
(7.7) (=Y11G1a + G12Y22)Goy
— Z ake" P Dy (e) [~ AL A1 + A1 (I + Ay AR Dy(e7h).
0<k<p+q
Let yf and zf5, (0 <@ < p,0<j < q) be the (i,7) entry of AkAs; and Ayp(I; + Ag)F,

(YR

respectively. Then

R ifi<p—k—1,

0  ifisp—k—1,
-+ k
%:Cf)
J

0 ifi<p—k—1,
() ifi>p—k-1.

which yields

k k __
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Then, by (7.6) and (7.8), we have, for k < p,

0 . 0
0 e 0
(7.9) [— Ay Avp + A (I, + Ag)"AZ = *) (7) (Ig+ Ag)PA™
P L
"5 ("F)
0 0
0 0

AN K

and, for k > p,
(710) [—AI;AH + Alg(Iq + Aq)k}A;; - Alg([q + Aq>k<Iq + Aq)ipAil

0 0

(o) (4°)

= : : (Iq + Aq)k_pA_l'
() - (o)
Now, let w¥ be the (i) entry of [-AFAy, + Ap(I, + Ag)¥]As,) . Then, from (7.9) and

(7.10) together with the identity AA™! = I, it follows that

1 if (4 —1=k

0 if(j+p) —i>k
Denote by S* the p x ¢ matrix whose (i,7) entry sfj (0 <i<p, 0<j<q) satisfies

k_{liﬂj+@—i:h

S».
1] .
0 otherwise.

Then, by (7.7) and (7.11), we have
(=Y11G12 + G12Y22) G5y = Z 2,[S* + O(e)] — Z x,S*

0<k<p+gq 0<k<p+q

as € — 0. Thus we have completed the proof of Lemma 4.1.

8. EXAMPLES

We explain the confluences of the Gauss hypergeometric differential equation described
in the diagram (1.1) in Introduction and those of Appell’s hypergeometric system (F}) of
two independent variables in the framework of GHG systems.
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First we notice that the GHG functions u(z) for the system Z(a; b;) satisfy

(8.1) {u@z) = det(gYu(z). g€ GL(r:0),
| u(zh) = u(z)xs(e; h), h € H,

if the branch of u(z) is appropriately chosen.
We recall ([18]) that the Gauss hypergeometric equation and the confluent family in
the diagram (1.1) in the Introduction are

(Gauss) z(l—2)u"+{c—(a+b+ 1Dz} — abu =0,
(Kummer) zu” + (¢ — 2)u' — au = 0,

(Bessel) 22" + v’ + (2% — vH)u =0,
(Hermite-Weber) u" — 2zu’ + 2vu = 0,

(Airy) u" —zu=0.

These equations will be denoted by (G), (K), (B), (H-W) and (A), respectively. The
solutions of these differential equations are expressed by the integrals

(G) u() :/C(l—xt)_b(l—t)c_“_lt“_ldt,
(K) u(x)z/ce“(l—t)c—“—lt“—ldt,

(B) u(z) = /C es(t=1)v=141,

(H-W) u(z) = /C 2=t =1,

(A) u(z) = /C e =4 1.

when the paths of integration C' are appropriately chosen.

Looking at these integral representations, we see that the above equations (G), (K),
(B), (H-W) and (A) correspond to the GHG systems associated with the group H, with
the Young diagrams of weight 4: A = (1,1,1,1),(2,1,1),(2,2),(3,1) and (4), respectively,
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defined on the matrix spaces X, given by

1 1 1 0
X(l’l’l’l)_{(O —z -1 1) ’ “’77&0’1}’
10 1 0
X@’“)_{(O x -1 1) ‘“’éo}’

100 =
X@v?)_{(o x 1 0) ‘“"7&0}’
0O 0 O
’ 1 Vex 1))
1 000
X(4)_{(0 10 x)}
with the parameters a,, € b} (expressed using the basis of by as in (2.7)):

1111 b—C—bCL 1,C—CL—1>7

c,l,a l,e—a—1),

= (
= (-
:(y —v—1,-1),
(
(—

211

v — 10,1, — 1),
2,0,0,1).

Sometimes it is preferable to consider the GHG systems on

100 22/4
X(/’Z’?):{(o 11 0 ) ‘x%o}’
100 0
X(/&l):{(o 1z 1)}

21

in place of those on X9y and X31), respectively. Then the differential equations (B)

and (H-W) change their form to

(B) (9, +v)* + 2> =V u=0, ¥, =ad/dz,
(H-W) u" —zu' +vu =0,

respectively, and the integral representations of the solutions are

22
(B “wevTlae,

(H-W") emtm et vl gy,

Q\Q\



22 HIRONOBU KIMURA AND KYOICHI TAKANO

respectively. The equation (B’) is related to (B) in the following way. In the integral
representation for (B), we make a change of integration variable ¢ — s = xt/2. Then we

see that
U(IL’) = / €5<t_%)t_y_ldt = <E> / S~ s Vs
c 2 )

and the change of unknown u +— v defined by u = (%)V v transforms the equation (B) to
(B’). The equation (H-W’) is obtained from (H-W) by the simple change of independent

variable x — 2/ = v/2z.

8.1. Gauss — Kummer. In the present and following subsections, we denote by = (resp.
€) the independent variable of the source equation (resp. target equation) in the process
of confluence. Namely, in the present case, = is the variable of (G) and £ is the variable
of (K). We denote by & and & the matrix variable and parameters for the source GHG
system corresponding to the source equation, and by w and « those of the target GHG
system. In the present case,

/11 1 0 )
I:(O 1 1)€X(1’171,1), a:(b—c,—b,a—l,c—a—l)

and

1 0 1 0

Then the recipe of the confluence given in Theorem 5.3 is to consider the GHG system of
type (1,1,1,1) with the matrix variable z(¢) and the parametes «(e) defined by

11
@=uee= (5 & 4 1) w7 |

ale) = Oétg(f)_l = (—c —eteta—1,c—a— 1) .

Noting that z(e) is obtained from Z by substituting —e{ in x, we have the change of
variable and parameters (1.3), which transform the equation (G) to (1.4) and gives the
Kummer’s equation (K) in the limit ¢ — 0.

8.2. Kummer — Bessel. We show the confluence from (K) to (B’) instead of (K) —
(B). Let

. 1 00 1 )
x:<0 z 1 —1>€X(2vl,1>7 a=(-c¢l,a—1,c—a—1)

100
w =
011

and

o [N172,%

2
( )>€X(’272), a=wv-11,-vr—1,-1)
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be the data for the GHG systems corresponding to (K) and (B’), respectively. Then the
recipe of the confluence is to consider the GHG system of type (2,1,1) with

1
z<s>=wg<e>=<1 00 () ) s@=" "

011 1
£
ale)=alg(e) ' =(v-11,-v—1+e" -1
and relate it to the GHG system for (K). Noting
5 \ -1
(e
— (& -1
z(e) = ( (2) € ) i(e) (— (%)2€>
1 1

0 x 1 -1 2
and ®(&; Z(e)) are related as ®(&; 2(g)) = —x° '®(&; Z(e)) by virtue of the formula (8.1).
Therefore we make a change of unknowns u — v by u = z7“"v to (K) to get

with Z(e) = (1 0u 1l ) and v = — (§)2 e, we see that the GHG functions ®(&; z(¢))

(8.2) (U —2)(¥y —c+1) —az]v =0
which corresponds to ®(«(e);z(e)) after the changes of variable © = — (g)Qe and of
parameters & = &(e) Thus if we make a change of variable and parameters x = — (%)2 €

and & = a(e) for (8.2) and take a limit ¢ — 0, then we get the equation (B’). Summarizing
the discussion above, we have the following.

Proposition 8.1. For the equation (K), we make a change of variables and parameters
2 2\
() (-0
a=—v+el, c=—-v—+1.

Then the limit € — 0 gives the confluence (K)— (B’).

8.3. Kummer — Hermite-Weber. To realize this limit process, it is needed to recover
a parameter in (K), which became invisible in the course of reduction from GHG system to
Kummer’s differential equation. In order to recover it, we make a change of independent
variable z +— 2’ by x = a2’ to (K). Writing 2’ as = again, we get the equation

(8.3) ' + (¢ — ayx)u’ — acqu = 0.

Since the solutions of (8.3) are given by the integral

u = /ealxt(l - t)c_a_lta_ldt,
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it is seen that the equation (8.3) corresponds to the GHG system of type (2,1, 1) with

(8.4) f:(é 2 _11 (1)>, &= (—c,a,c—a—1,a—1).

Note that the Hermite-Weber equation (H-W’) corresponds to the GHG system of type
(3,1) with

(8.5) w:((l) (1) (5) (1)>, a=(v-101-v—-1).

Then the recipe of the confluence described in Theorem 5.3 guides us to consider the
GHG system of type (2,1,1) with

1 1
1 0 1 0 1
@=uno= (o 0 ) wo=] TS|
1
(8.6) ale)=algle) ' =(v-1-e? -t e? -—v-1).
Noting
1
1 - 1
CE G ECT I
—(e+e2)™!
with
(8.7) i(e) = ((1] ol (1)) R

we see that the GHG functions ®(&; z(¢)) and ®(a&;z(e)) of type (2,1,1) are related as
O(a;2(e)) = 2*®P(a;@(e)) by virtue of the formula (8.1). Hence we make a change of
unknown u +— v defined by u = x7% to the equation (8.3) and get

(8.8) (0 —a+c—1—mz)(¥—a)—aayxjv = 0.

We can check that, if we make a change of variable z +— ¢ defined by (8.7) and a change
of paramters

(8.9) a=-v, ag=-¢' c=ect-v+1

induced from (8.6), then we get the equation (H-W’) in the limit ¢ — 0. We summarize
the above process as follows.

Proposition 8.2. The change of variables
r=c e+, u= (-

and the change of paramters given by (8.9) for the the Kummer’s equation (K) induces
the confluence to the Hermite-Weber equation (H-W’) as e — 0.
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8.4. Bessel — Airy. To apply the framework of confluence for GHG system to this
case, we must recover a parameter in the equation (B’) which disappeared in the course
of reduction of GHG system of type (2,2) to the equation (B’). Explicitly, we introduce a
parameter o in (B’) so that we can treat the integrals

(8.10) / ettty

instead of those for (B’). To derive the differential equation for (8.10) from (B’), we make
a change of variable z +— 2’ = x/ay. Writing again 2’ as x, we get

(8.11) (Vs + ) + 32 — v2)u = 0.

Viewing the integral representation (8.10) for (B”), we see that (B”) corresponds to the
GHG system with

CC2
Li':<(1) S[) (:z g), &:(—Vl—l,al,y—l,—ozl).

Let w and « be the data for the GHG system corresponding to (A). Then the recipe of
the confluence is to consider the GHG system of type (2,2) with

1

M =
—_

MM
w N
w
¥

ale) =alg(e) ™ = (-2 —2e7% 72,273, —c7?).

To relate this GHG system to the equation (B”), we decompose z(¢) as

-1

1 X() - 1 ng) ) 100 X'
Z(g):( 1 )x(g) X(e) X'(e)| x(g):(o 11 0 )

j_ X 1- 3%¢
de (e —e36)~2
Then we see that the GHG functions ®(&; z(¢)) and ®(&; () are related as

®(a:3(e)) = X(e) e XX OP(a; 2(c))

X)) =(e—-%"", X'(e)=

by virtue of the formula (8.1). So if we make a change of variable, unkown and parameters

2

— = X'(e) = —(1 - 3%) (e — %)%
U — X(g)—25*365*2(X(a)—X’(a))v7
v=—1-23 a5 = g2

to (B”), then we get the Airy equation (A) by letting € — 0.
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8.5. Hermite-Weber — Airy. To derive the (A) from (H-W’) by confluence, we must
recover parameters in (H-W’) which disappeared in the course of reduction from the GHG
system of type (3,1) to (H-W’). To this end we recall that the solutions of (H-W’) has
the integral representation

(8.12) u(x) = /e”_;ﬁt_”_ldt,
which is the GHG function of type (3,1) corresponding to

1
(8.13) 7= (0 (1) 2 (j) , & = (ap,a1,a9,a3) = (v —1,0,1, —v — 1).

We recover the parameters aq, as so that we can treat
R

instead of (8.12). To derive the equation for v(z) from (H-W’), we make a change of
independent variable x +— 2’

(8.14) r = ala;% - oéx’

to (H-W) and write again 2’ as x, we get

(8.15) U — (a1 + asx)u’ + vasu = 0.

On the other hand, the Airy equation (A) corresponds to the GHG system of type (4)

with
1 00 O
w= <O L 0 _§> , a=(-2,0,0,-1).

Then the recipe of the confluence in Theorem 5.3 tells us to consider the GHG system of
type (3,1) with

@=uae=(y Vo ) =] 15|

M M
w N

CY(E) = Oétg(g)il = (_2 + 6737 5727 8717 _873) :
To relate the GHG system to the equation (8.15), we decompose z(¢) as
1 x 2?
1 z\ . 1 =z 3.1
z(e) = ) zZ(e)h, h= ) , x=(e—¢e%)

X

where Z(¢) is the matrix obtained from Z in (8.13) by the substitution x = (g — &3¢)~L.

By virtue of the formula (8.1), the GHG functions of type (3,1) for z(¢) and Z(e) are
related as

2

O(a; 2(e)) = x31) (& h_l)@(d;f(e)) — pT- 0T " B0(a;x(e))
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Thus we get the change of unknown u +— v: u = eon1atyo2e? pos,, together with » =
(e—e%¢)~t and & = a(e) to get the differential equation for the GHG function ®(«(e); 2).
To summarize, we have the following.

Proposition 8.3. The confluence (H’) — (A) is carried out by the following steps:
(1) the change of independent variable x — z' defined by (8.14) and that of unknown
u +— v defined by

2 jas

r 1
1T +7o¢2m
2
x v,

u=-e
(2) the second change of independent variable and that of parameters:

v=(—-)7 ar=¢?% ay=et, v=-1+e"3
(3) to take a limit € — O in the equation obtained by the steps (1) and (2).

8.6. Appell’s F; and its confluent family. Appell’s hypergeometric function F; and
its classically known confluent family ([2]) are defined by the power series:
)

Fi(a,b,V,c;x,y) = Z (@) (D)o (6 )najmy”,

C)m—l—nm'n'

m,n=0 (
)

&y (a,b,c;x,y) = Z (a min(b)m x™ ”—hmFl( b,—1/e,c;x,—¢ey),

m,n=0 (C) +n m'n'
2(0,0,61,Y _mnzo (c)m+nm'n‘x Yy _EI_I% 1 €,0,0,C —€T, —¢Y),
ylbrcsany) = 5 — — lim
sz, y) = Y mx y" = lim &y (b, —1/¢, ¢, —ey),
\ m,n=0 mAn e

where (a),, = I'(a +m)/T'(a) is the Pochhammer’s symbol. The functions Fy, ®;, ®5 and
®3 satisfy the systems of partial differential equations:

(1 — 2)ugy + y(1 — 2)uyy + {c — (a + b+ 1)z }u, — byu, — abu =0,
(£1) { y(1 = y)uyy + (1 — Y)ugy + {c — (a + V' + 1)y}u, — b'ru, — ab'u =0,
(1 — 2)ugpy + y(1 — 2)ugy + {c — (a + b+ 1)z }u, — byu, — abu = 0,
(@) { Ylyy + TUgy + (¢ — Y)uy — U, — au =0,
TUgy + YUy + (¢ — 2)uy — bu = 0,
(22) { Ylyy + TUgy + (¢ — y)uy, — b'u =0,
TUyy + YUy + (¢ — 2)uy — bu = 0,
(%3) { YUy + TUgy + cuy — u =0,

respectively, where the suffix x or y in u, or u, denotes the derivation with respect to x
or y. It is known that the limit processes in (8.16) induce the confluence of the systems
(F1) — (®1),(F1) — (®3) and (®1) — (P3). We shall explain that these confluence
processes can be treated in a unified way by Theorem 5.3. To relate the systems (F}),
(®1), (P2) and (P3) to the GHG systems with the Young diagrams of weight 5, we recall
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the integral representations for the solutions, in which we omit the domains of integration
since we don’t need them:

F=0 / (1= yt) =2 (1 — =22 (1 — o) at,

=y /(1 —xs —yt) " T TN — s — )Y s,
O, = Cy / Vi1 — 1)1 — xt)
Dy = Oy / e ey 4 1) (x4 t) bdt

—Cy / TVt (] g pyeb=b=lgsqy

®3 = Cj / e~ (w4 t) ot

where C}, are some constants depending on the parameters a,b,b’ and c¢. From these 1-
dimensional integral representations, we see that (F1), (®1), (®3) and (P3) are the GHG
systems of type (1,1,1,1,1),(2,1,1,1),(2,1,1,1) and (2,2,1) on the space of matrices:

X ={(5 2, 1 1 L) [mwe-nw-ve- £o},

-y 1 —x

100 1 1
810 Xeun={(y 0 2 L) [awe-n 20},

100y =2

X(/2,1,1,1) = {(0 11 1 1) zy(r —y) # 0}
100y =2
X =
(2,2,1) { (0 110 1) zy 7£ O}
respectively, with parameters ay:
(1,1,1,1,1) = (b+b'—c—b' 1,c—a—1,—b),
(818) (12111 (b c,l,a 1 —b, —b),
2111 =(c—2,-Lb+bV —c,—b, V),

06(221) (0—2 1,b—C,—1,—b).

Corresponding to 2-dimensional integral representations for F; and ®,5, we can regard
(F1) and (P2) as the GHG systems on the matrix spaces

1 1 00 1
Yo = 0 -z 1 0 -1 ‘ zy(x —1)(y—1)(x—y)#0,,
0O —y 01 -1
1 00 0 1
Yerin =490 = 1 0 —1 ‘ zy(z —y) #0
0Oy 01 —1
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with the parameters:
/ /
agiiay =(a—c,—a,b—1,0' —=1,c—b—-0V —1),
04(2717171) = (—C, ]_, b — ]_, b/ — 17 C — b — b/ — 1),

respectively.

8.7. Confluence (F) — (®1). In the present and following subsections, we denote by
x,y the independent variables for the system of source (namely (F}) in the present case)
and by &, n the independent variables for the system of target (namely (®;) in the present
case) in the process of confluence. We also denote by z (resp. w) and & (resp. «) the

matrix variable and parameters for the GHG system corresponding to the source (resp.
target) system. In the case (F1) — (91),

(8.19) z:([l) _ly (1) _11 —1x>’ a=(0b+b—c—-b,a—1,c—a—1,-b)

and

(8.20) :<1 00 1 1

—(b—cl,a—1,c—a—1,-b).
Onl—l—ﬁ)’&(bc”a ,c—a—1,-b)

Then the recipe of the confluence given in Theorem 5.3 is to consider the GHG system of
type (1,1,1,1,1) with

S
@=wae= (g 5 0 L L) e 1

ale)=agle) ' =(b—c—etela—l,c—a—1,-b).
Comparing these with (8.19), we get the change of variables and parameters:
r=¢ y=—en, b =-—c!
for the system (F7), which induces the confluence (F;) — (®;) in the limit ¢ — 0.
8.8. Confluence (F;) — (®3). In this case, it is convenient to use the GHG systems on
the matrix spaces Y(11,1,1,1) and Y{21,1,1). Let

1 1 00 1
(8.21) z=10 -z 1 0 -1, a=(a—c¢—a,b—1,0V—-1,c—b—0 —1)
0O —y 01 -1

and

(8.22) w a=(—¢1,b—1,0—-1,c—b—b —1).

I
o O =
I O
O = O
_ o O
|
—_
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be the matrices and parameters for the systems (F7) and (®3), respectively. Then we
apply the recipe of Theorem 5.3: put

11
1 0 00 1 €
z(e)=wg(e) =10 ¢ 1 0 —1], g(e) = 1
0 en 01 —1 1

ale) =algle) ™ = (~e—e e b— 1,0 —1,e—b—b —1)

and consider the GHG system of type (1,1,1,1,1) with z(¢) and «a(e). Comparing z(e)
and «a(e) with z and « in (8.21), we find the desired change of variables and parameters:

T = _557 Yy=—¢en, a= _8_1
for the system (F}), which induces the confluence (F;) — (®5) in the limit ¢ — 0.

8.9. Confluence (®,) — (®3). Let z € Xé2,1,1,1) and & be the matrix and parameters for
(®2) and let w € X(221) and « be those for (®3) given in (8.17) and (8.18). Then, as in
the previous case, we consider the GHG system of type (2,1, 1,1) with

1

O (R ) IR C e IR ¢

ale) =a'g(e) ' =(c—2,-1,b—c+e !, —c', —b).
Then putting z = z(e) and & = «a(e), we have the change of variables and parameters
r=¢§ y=en V=c,

which induces the confluence (®2) — (®3) when € — 0.
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